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Introduction
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Introduction
 In flat-space physics, i.e. (R4, η), the Maxwell theory is described by thefollowing ingredients:
 – Maxwell field: Aµ
 – Gauge transformation: Aµ → A′µ = Aµ + ∂µε
 – Field strength: Fµν = ∂µAν − ∂νAµ → F ′µν = Fµν
 – Bianchi identity: εµνρσ∂µFνρ = 0
 – Field equations: ∂µFµν = 0
 On an orientable Lorentzian manifold (M, g) we obtain a generalization of
 the formulae above using differential forms Ω• =⊕d
 n=0 Ωn, the exteriordifferential d : Ωn → Ωn+1 and the Hodge operator ? : Ωn → Ωd−n:
 – Maxwell field: A ∈ Ω1
 – Gauge transformation: A→ A′ = A+ dε, with ε ∈ Ω0
 – Field strength: Ω2 3 F = dA→ F ′ = F
 – Bianchi identity: dF = 0
 – Field equations: − ?−1 d ? F = d†F = d†dA = 0
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 3 / 22
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Introduction
 Depending on the topology of M, in particular Hn(M), there are different(i.g. inequivalent) options to describe the Maxwell field:
 – H1(M) 6= 0 : There are Λ ∈ Ω1 with dΛ = 0 but not Λ = dε. Thetransformation A→ A+ Λ does not change curvature! Should we count it asa gauge transformation?
 – H2(M) 6= 0 : There are F ∈ Ω2 with dF = 0 but not F = dA. Should weallow for such field strength tensors?
 The A-field approach: [Dimock; Fewster,Pfenning; Dappiaggi,Siemssen]
 – Ingredients: A ∈ Ω1, F = dA and d†F = 0
 – Pros: QFT if H1(M) = 0 or H2(M) = 0– Cons: not all F if H2(M) 6= 0 ; no magnetic monopoles/top. nontrivial
 configurations ; not using proper gauge-theory structures
 The F -field approach: [Dappiaggi,Lang]
 – Ingredients: F ∈ Ω2, dF = 0 and d†F = 0
 – Pros: all possible F in case H2(M) 6= 0, e.g. M = R2 × S2
 – Cons: no LCQFT if H2(M) 6= 0 ; coupling F to matter fields? ; not usingproper gauge-theory structures
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 4 / 22
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Introduction
 Making use of proper geometrical structures leads to the
 Principal fibre bundle approach: [Fredenhagen;Rejzner (trivial principal bundles)]
 – Consider U(1)-principal bundle: U(1)→ Pπ→M
 – Maxwell field is principal connection ω ∈ Ω1(P , u(1))
 - ω invariant under U(1), R∗g(ω) = ω for all g ∈ U(1)
 - verticality: ω(Xξ) = ξ for all ξ ∈ u(1)
 – Pros:
 - very elegant geometric approach to gauge theories (also Yang-Mills)
 - topologically nontrivial configurations (e.g. mag. monopoles) P 6=M× U(1)
 – Cons:
 - Maxwell field ω is 1-form on total space P
 - How can I formulate an equation of motion on spacetime M without usinglocal trivializations?
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 5 / 22
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Introduction
 Projective module approach: [this is the topic of my talk]
 – Consider projective module: pAN , where A = C∞(M) and p ∈ MatN×N (A)hermitian projector p = p2 = p†
 Elements: a = (a1, . . . , aN )T ∈ pAN such that p a = a
 Interpretation: pAN = configuration space of charged matter fields
 – Maxwell field is connection on pAN , i.e. O : pAN → pAN ⊗A Ω1 satisfyingthe Leibniz rule
 – Curvature: F = O O
 – Bianchi identity: [O , F ] = 0
 – Field equations: [O , ?(F )] = 0
 – Pros.
 - elegant (global) algebraic approach to gauge theories
 - generalization to Yang-Mills theories and noncommutative geometry
 - topologically nontrivial configurations (e.g. mag. monopoles) p 6= 1
 – Cons:
 - will be discussed at the end of the talk . . .
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 6 / 22
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Relation between projective modules and vector bundles
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 7 / 22
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Serre-Swan Theorem
 Theorem (Serre-Swan)
 Let M be a compact Hausdorff topological space and (E, π,M) a K-vectorbundle. Then the space of continuous sections Γ(E) is a finitely generatedprojective C(M,K)-module.
 Conversely, let E be a finitely generated projective C(M,K)-module. Then thereexists a vector bundle (E, π,M) such that E ' Γ(E).
 Sketch of the proof “⇒”:
 – open cover Uαα=1,...,r s.t. (E, π,M) trivializes with trans. functions gαβ
 – partition of unityPrα=1 ψ
 2α = 1 subordinated to cover Uαα=1,...,r
 – define projector pαβ := ψα gαβ ψβ
 – construct isomorphism between Γ(E) and pAN with N = r k
 In field theory, M is noncompact smooth manifold! This is no problem:
 – smooth compact case [Connes; Landi; Varilly,Gracia-Bondia]
 – second countable and Hausdorff manifold [Waldmann (unpublished);
 Sardanashvily]
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 7 / 22
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Connections on projective modules
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 8 / 22
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Basics of connections
 Let A be unital associative algebra (not necessarily commutative) over K.
 Def: Differential calculus (Ω•,d) over A:
 – graded associative algebra Ω• =L
 n∈N0Ωn over K, with Ω0 = A
 – K-linear map d : Ω• → Ω• of degree one, s.t. d d = 0 andd(ω ω′) = d(ω)ω′ + (−1)deg(ω) ω d(ω′)
 Def: A connection on pAN is a K-linear map O : pAN → pAN ⊗A Ω1 satisfying
 O(a b) = O(a) b+ a⊗A db
 ConA(pAN ) is an affine space over HomA(pAN , pAN ⊗A Ω1)
 (O′ − O)(a b) = (O′ − O)(a) b
 Thm: There exists a connection on pAN , the Grassmann connection,
 pAN _
 OG // pAN ⊗A Ω1
 ANd
 // (Ω1)Np
 // p(Ω1)N
 ι
 OO
 ⇒ All O are of the form O = OG + A with A ∈ HomA(pAN , pAN ⊗A Ω1).A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 8 / 22
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Lifts and curvature
 We want to lift homomorphisms and connections to pAN ⊗A Ω•.Interpretation: pAN ⊗A Ω• = configuration space of charged Ω•-valued fields
 Def: Lift ↑: HomA(pAN , pAN ⊗A Ω•)→ EndΩ•(pAN ⊗A Ω•) , P 7→ P ↑ definedby P ↑(a⊗A ω) := P (a)ω.
 Lem: The image Hom↑ ⊆ EndΩ•(pAN ⊗A Ω•) is a subalgebra.
 Def: Lift O↑ : pAN ⊗A Ω• → pAN ⊗A Ω• by O↑(a⊗A ω) := O(a)ω + a⊗A dω.
 ⇒ O↑(s ω) = O↑(s)ω + (−1)deg(s) sdω
 Curvature: F := O↑ O : pAN → pAN ⊗A Ω2 is A-module homomorphism
 NB: F ↑ = O↑ O↑
 Graded derivation on Hom↑: D(P ↑) :=[O↑ , P ↑
 ]gr
 – D(P ↑ Q↑) = D(P ↑) Q↑ + (−1)deg(P ) P ↑ D(Q↑)
 – D`D(P ↑)
 ´=ˆF↑ , P ↑
 ˜gr
 i.g.
 6= 0
 Bianchi identity: D(F↑) = 0
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 9 / 22
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Equivalence to projected matrices
 pAN ⊗A Ω• ' p(Ω•)N , i.e. we can equivalently consider vectorsω = (ω1, . . . , ωN )T satisfying pω = ω.
 Similarly, Hom↑ ' pMatN×N (Ω•) p, i.e. homomorphisms are equivalent tomatrices M satisfying pM = M p = M .
 Rewriting the formalism above leads to the following simple expressions:
 – Connection: O(ω) = p dω +Aω
 – Curvature matrix: F = p (dp) (dp) + p (dA) p+AA
 – Derivation on pMatN×N (Ω•) p: D(M) = p (dM) p+ [A,M ]gr
 – Bianchi identity: 0 = D(F ) = p (dF ) p+ [A,F ]
 , looks almost (up to projectors) like the known formulae!
 topologically nontrivial configurations possible due to “bigger matrices”
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 10 / 22
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Field equations
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 11 / 22
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Klein-Gordon operator
 Let now (M, g) be a spacetime, K = C and A = C∞(M).
 Goal: Klein-Gordon type operator for p(Ω•)N ! Easy ,
 lift Hodge operator to p(Ω•)N via ?(ω) := (?(ω1), . . . , ?(ωN ))T
 define adjoint connection via O† := − ?−1 O ? define KG : p(Ω•)N → p(Ω•)N by
 KG := O† O+ O O† +m2 id
 Let p = p2 = p† be hermitian projector and O be compatible with thecanonical hermitian structure
 ⟨a, b⟩
 =∑Ni=1 a
 ∗i bi, i.e.
 d⟨a, b⟩
 =⟨O(a), b
 ⟩+⟨a,O(b)
 ⟩.
 Then KG is formally selfadjoint w.r.t. inner product on p(Ωn)N(ω, ω′
 ):=∫M
 ⟨ω, ?(ω′)
 ⟩.
 NB: The same holds if K = R, p = p2 = pT is orthogonal projector and Ocompatible with
 ⟨a, b⟩
 =∑Ni=1 ai bi.
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 11 / 22
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Proca operator
 Goal: Proca type operator for pMatN×N (Ω•) p! Still OK ,
 lift Hodge operator to pMatN×N (Ω•) p via(?(M)
 )ij
 := ?(Mij)
 use herm. projector p and connection O; inner product on pMatN×N (Ωn) p
 (M1,M2
 ):=∫M
 Tr(M†1 ?(M2)
 ) define adjoint derivation via
 (M1,D(M2)
 )=(D†(M1),M2
 ) define Pr : pMatN×N (Ω•) p→ pMatN×N (Ω•) p by
 Pr := D† D +m2 id
 Pr formally selfadjoint w.r.t.(·, ·)
 NB: Pr is trivial on pMatN×N (Ωd) p and of KG-type on pMatN×N (Ω0) p
 ⇒ restrict to the interesting part Ω :=⊕d−1
 n=1 Ωn
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 12 / 22
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Connections
 Goal: Equation of motion for ConA(pAN )! Different, but still OK ,
 let p and O be hermitian. Define the action
 S(O) :=∫M
 Tr(F ?(F )
 )F †=F=
 (F, F
 ) variation leads to D†(F ) = 0
 → F and EOM is i.g. nonlinear in the gauge potential of the connection
 Def: A Maxwell module is a projective module pAN , s.t. pMatN×N (Ω•) p isgraded commutative.
 ⇒ fixing background connection O0 = OG +A0 then EOM for the gaugepotential A = O− O0 is
 0 = D†(D(A)
 )+D†(F0)
 NB: generalization of the equation d†dA = 0 studied by e.g. [Dappiaggi,Siemssen]
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 13 / 22
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Maxwell modules from line bundles
 Serre-Swan theorem: p from gαβ : Uα ∩ Uβ → GL(K, k)
 pαβ = ψαgαβ ψβ
 for line bundle (k = 1) all gαβ commute!
 let M1,M2 ∈ pMatN×N (Ω•) p, then
 M1M2 = pM1pM2p = (−1)m1m2 pM2pM1p = (−1)m1m2 M2M1
 follows from the cocyle conditions gαβgβγ = gαγ and gαβ = g−1βα
 ⇒ Line bundles give rise to Maxwell modules!
 NB: Let gαβ : Uαβ → π(U(1)
 )be the transition functions of an associated
 U(1)-bundle with a unitary 1-D representation π : U(1)→ GL(C, 1), then
 p∗αβ = ψαg∗αβψβ = ψαg
 −1αβψβ = ψαgβαψβ = pβα ⇔ p† = p
 ⇒ Associated U(1)-bundles with unitary 1-D representation give rise tohermitian Maxwell modules!
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 14 / 22
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The Klein-Gordon field
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 15 / 22
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The KG field
 Let’s start with the simplest example.
 Let K = R and p = pT,O be orthogonal (not necessarily Maxwell module!)
 Goal: QFT for KG = O† O+ O O† +m2 id on p(Ω•)N
 Observation: On p(Ω•)N we have
 O(ω) = dω + αω , α := A− (dp) p+ p (dp) .
 ⇒ KG operator is normally hyperbolic
 KG = d† d + d d† + lower orders
 ⇒ QFT machinery applies [e.g. Bar et al.]
 Alternative:
 – lift O and KG to unprojected (Ω•)N (O and KG commute with p)
 – construct theory for N differential form fields
 – project down with p (works since p and KG commutes)
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 15 / 22
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The Proca field
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 16 / 22
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The Proca field
 Let’s go on with the next to simplest example.
 Goal: QFT for Pr = D† D +m2 id on hermitian pMatN×N (Ω) p
 assume hermitian Maxwell module pAN ⇒ D D = 0 and D† D† = 0
 similar to usual Proca field, Pr(B) = 0 is equivalent to
 KG(B) := (D† D +D D† +m2 id)(B) = 0 , D†(B) = 0 .
 ⇒ Pr has the Green’s operators
 ∆Pr± := (m−2D D† + id) ∆KG
 ± = ∆KG± (m−2D D† + id)
 QFT from the machinery of [e.g. Bar et al.] and the inner product(M1,M2
 )=∫M
 Tr(M1 ?(M2)
 ) Alternative: first discussing unprojected case and afterwards projecting down
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 16 / 22

Page 23
                        

The Maxwell field
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 17 / 22
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First steps
 Remember:
 – Maxwell field: O ∈ ConA(pAN ) on hermitian Maxwell module pAN
 – ConA(pAN ) is affine space → fix some background connection O0 anddescribe O via gauge potential A = O− O0 ∈ pMatN×N (Ω1) p
 – EOM (with D(M) = p (dM) p indep. of O0)
 D†`D(A)
 ´+D†(F0) = 0 (1)
 NB: EOM is not normally hyperbolic and includes source term D†(F0)
 Trick: gauge equivalence classes
 [O] :=O′ ∈ ConA(pAN ) : O′ = O+ Λ , D(Λ) = 0 , Λ† = −Λ
 Proposition
 Each connection O = O0 +A satisfying (1) is gauge equivalent to a connectionO′ = O0 +A′, such that
 (D† D +D D†)(A′) +D†(F0) = 0 , D†(A′) = 0 .
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 17 / 22
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Option 1: A-field algebra
 We first follow the “standard approach” [e.g. Dappiaggi,Siemssen] and construct analgebra for the A-field.
 assume on-shell background connection D†(F0) = 0
 then the EOM for gauge potential defined w.r.t. O0 is
 (A) = (D† D +D D†)(A) = 0 , D†(A) = 0
 Def: Lorenz solutionsSolLor :=
 ∆(f) : f ∈ Vpre
 where Vpre ⊆ pMatN×N (Ω1
 0) p is the subspace of antihermitian andD†-closed projected matrices
 on Vpre there is a pre-symplectic structure
 σ : Vpre × Vpre → R ,
 f × f ′ 7→ σ(f, f ′) =(f,∆(f ′)
 )=∫M
 Tr(f ?(∆(f ′)
 ))A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 18 / 22
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Option 1: A-field algebra II
 we follow [Dappiaggi,Siemssen] and identify the remaining gauge invariance ofLorenz solutions (this can indeed be done; the projectors cause noobstruction!)
 we obtain for a trivial first or second D-cohomology group the symplecticstructure on V = V∼pre
 σ : V × V→ R , [f ]× [f ′] 7→ σ([f ], [f ′]
 )=(f,∆(f ′)
 ) playing the same game with a different on-shell background connectionO0 = O0 + ∆(f0) we would get the same symplectic space
 / the connection preserving map f 7→ f − f0 is no symplectic isomorphism
 σ([f − f0], [f ′ − f0]
 )= σ
 ([f ], [f ′]
 )+ σ
 ([f0], [f − f ′]
 )6= σ
 ([f ], [f ′]
 ) background dependence of the A-field algebra! (obtained via CCR)
 ⇒ use algebras based on O and not on A to describe the Maxwell field!!!
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 19 / 22
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Option 2: Field strength Poisson algebra
 consider F (f) :=(F, f
 )=∫MTr
 (F ?(f)
 ): Con∼A(pAN )→ C
 where f ∈ pMatN×N (Ω20) p
 fundamental Poisson bracketF (f), F (h)
 = σ
 (D†(f),D†(h)
 )1
 consider polynomials of F (f) and extend Poisson bracket
 ⇒ off-shell Poisson algebra of field strength polynomials(Pol, ,
 ) on-shell: F (f) : SolCon∼A(pAN ) → C
 we have Bianchi identity F (D†(λ)) = 0 and EOM F (D(τ)) = 0
 ⇒ consider equivalence classes:
 [f ] ∈ pMatN×N (Ω20) p/D
 [pMatN×N (Ω1
 0) p]⊕D†
 [pMatN×N (Ω3
 0) p]
 field strength algebra has centre for nontrivial second D-cohomology group orsecond D†-cohomology group, analogously to [Dappiaggi,Lang]
 NB: for f with D†(f) = 0 we have F (f) =(D(A) + F0, f
 )=(F0, f
 )= const
 → can be factored out! → centre specified by second D-cohomology group
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 20 / 22
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Option 3: Holonomy loop or other Poisson algebras
 / I ran out of time and I’ll have a look at it in the next few weeks...
 SORRY!
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 21 / 22

Page 29
                        

Conclusion, open problems and outlook
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 22 / 22
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projective modules provide suitable framework to study gauge fields(connections) and charged matter fields
 QFT for matter fields is straightforward
 gauge potential algebra can be defined in case of trivial first or secondD-cohomology group, but it depends on the background connection
 on-shell field strength Poisson algebra can be defined and has nontrivialcentre for nontrivial second D-cohomology group
 Open problems and outlook:
 – check if full SolCon∼Acan be constructed using method of [Ginoux]
 – construct and study properties of holonomy loop Poisson algebra
 – check if ?-product quantization methods apply
 – does our theory fit into the LCQFT setting? The geometric category wouldnow be derived from U(1)-principal bundles with appropriate morphisms!
 – do the negative results of [Dappiaggi,Lang] also imply a non-LCQFT for theF -algebra in our approach?
 – how are the D-cohomology groups related to the d-cohomology groups?
 – calculate explicitly M = R2 × S2 with monopole charge on S2
 A. Schenkel (Wuppertal University) Maxwell field via projective modules Hamburg 2011 22 / 22
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