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Ill-used persons, who are forced to load their minds with a
score of subjects

against an examination, who have too much on their hands to
indulge themselves

in thinking or investigation, who devour premiss and conclusion
together with

indiscriminate greediness, who hold whole sciences on faith, and
commit demon-

strations to memory, and who too often, as might be expected,
when their period

of education is passed, throw up all they have learned in
disgust, having gained

nothing really by their anxious labours, except perhaps the
habit of application.

Cardinal John Henry Newman

The object of mathematical rigour is to sanction and legitimate
the conquests of

intuition, and there never was any other object for it.

Jacques Hadamard
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Chapter 1

Introduction

Our purpose in this Guide is to argue the case for putting
problem-solving at the heart of a

mathematics degree; for giving students a flavour, according to
their capabilities, of what it isto be a mathematician; a taste for
rising to a mathematical challenge and overcoming it. Our

purpose is also to make it easier for colleagues who share our
vision to find ways of realising

it in their own teaching.

The Guide properly begins in Chapter 2, where we define our
terms and discuss the

views of education theorists on the role of problem-solving in
mathematics teaching. Next

comes John Masons critique of Plyas work from a modern
viewpoint, and this is followed

by Bob Burns account of his experience of writing a
problem-solving course from scratch.

In Chapter 5 we draw on the experience of colleagues, and, more
particularly, on our six

case studies, to offer practical advice on ways of introducing
serious problem-solving into

the curriculum. Sue Pope, in Chapter 6, considers the role of
computers in aiding students

problem-solving. Finally, in Chapter 7, we present the details
of our six case-studies of

modules where problem-solving has been taught as part of a
mathematics degree programme

in a U.K. university. Readers more interested in the
practicalities of starting their own problem-

solving modules may like to read the case studies first and then
go straight to Chapter 5.

The ability to solve previously unseen problems, independently
and with confidence, is an

important skill for a graduating mathematician. The Q.A.A.1
Benchmark (2007) for M.S.O.R.2

recognises this fact, mentioning the practice of problem-solving
16 times, including in the

following context:

Employers greatly value the intellectual ability and rigour and
the skills in reasoning

that these learners will have acquired, their familiarity with
numerical and symbolic

thinking, and the analytic approach to problem-solving that is
their hallmark.

1Quality Assurance Agency2Mathematics, Statistics and
Operational Research
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More recently the HE Mathematics Curriculum Summit, held in
January 2011 at the

University of Birmingham, included in its final report the
following (Rowlett, 2011, p. 19):

Problem-solving is the most useful skill a student can take with
them when theyleave university. It is problematic to allow students
to graduate with first class

degrees who cannot handle unfamiliar problems.

The report concludes with 14 recommendations for developing
higher education teaching,

the first three of which relate to problem-solving: sharing good
practice, crafting sequences of

suitable problems, and pooling a collection of wider teaching
resources.

Problem-solving therefore is widely recognised for its
importance, but the ways in which it

may be taught, and indeed what problem-solving means, remain
elusive. Chapter 2 explains

what we mean by problem-solving, what to us makes a good problem
and how problem-

solving relates to mathematical thinking. It also reviews the
history of teaching problem-solving

and the various theories that have been applied to the pedagogy.
In Chapter 5 we discuss

ways we believe are effective in developing students
problem-solving skills. Those interested

simply in starting a problem-solving module of their own, or in
introducing problem-solving

in existing modules, could skip forward to this chapter which
contains practical advice we

believe will be useful to begin such a task. We hope, however,
they will take some time to

review the theoretical and historical aspects of their proposed
activity.

The three main authors would like to extend their thanks to Bob
Burn, John Mason, and

Sue Pope, for their valuable contributions to this guide.
Furthermore, we are most grateful to

our case-study departments, and interviewees in particular, for
the time they have devoted to

helping us document their problem-solving practices. Our final
thanks go to the Maths, Stats

and OR Network, and the National HE STEM Programme, for the
funds and support that,

without which, this project would not have existed.
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Chapter 2

Background to Problem-solving in

Undergraduate MathematicsMatthew Badger, Trevor Hawkes and Chris
Sangwin

What does it mean to be a mathematician, and what is the purpose
of a mathematics degree?

Any answer to the second question follows, in part, from that to
the first: a mathematics

degree is the first stage in a mathematical apprenticeship.
Mathematicians form a community

of practice around mathematical activity, and so we must begin
by considering this. The impor-

tance of problem-solving to mathematics was summed up by the
Hungarian mathematician

Paul Halmos in his article The Heart of Mathematics (1980, p.
519):

What does mathematics really consist of? Axioms (such as the
parallel postu-

late)? Theorems (such as the fundamental theorem of algebra)?
Proofs (such

as Gdels proof of undecidability)? Definitions (such as the
Menger definition of

dimension)? Theories (such as category theory)? Formulas (such
as Cauchys

integral formula)? Methods (such as the method of successive
approximations)?

Mathematics could surely not exist without these ingredients;
they are all essential.

It is nevertheless a tenable point of view that none of them is
at the heart of the

subject, that the mathematicians main reason for existence is to
solve problems,and that, therefore, what mathematics really
consists of is problems and solutions.

A professional mathematician engaged in research considers
problems that no-one has

yet solved, and therefore to give students a reasonable
apprenticeship in mathematics, to give

them an experience of what it means to do mathematics, we need
to put them in unfamiliar

situations with problems which, to them, are novel with the
expectation that they must seriously

tackle them for themselves.
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In this chapter we define what we mean by problem, argue for the
place of problem-

solving in an undergraduate mathematics curriculum, and consider
the ways in which problem-

solving has been taught to undergraduates in the past. We err on
the side of the working

mathematician tasked with teaching problem-solving to
undergraduate students at university.Problem solving in school,
where pressure from externally prescribed compulsory
high-stakes

examinations for the whole cohort of students interfere, may
well be quite a different issue.

There are also other interesting perspectives which are more
theoretical, for example those

that consider issues such as cognition and social dynamics. As a
starting point for these we

recommend Mason et al. (2010) and Schoenfeld (1994).

2.1 Exercises and Problems

We perceive a commonly held view in the mathematics community
that everyone understands

what a mathematical problem really is and can recognise one when
they see one. For

example, the reports we quoted in the introduction stress the
importance of problem-solving

in the mathematics curriculum but do not feel the need to
explain what they mean by it. The

tacit understanding is that the readers already know and agree
on what it means. However,

this widespread belief in a consensus does not bear closer
scrutiny, as John Mason argues at

length in Section 3.1.

For our subsequent discussion we make the following
distinctions:

A mathematical question is a task that can be assigned to a
student, who is expected to

carry it out and, at some later stage, to submit an account of
their answer. Thus it is a

very broad, generic term used in all kinds of assessment.

A mathematical exercise is a question whose solution involves
only routine procedures.

Having learnt the relevant techniques, a student will be able to
follow an obvious strategy

and systematically apply the techniques in sequence of easy
steps to reach a correct

solution.

Here is an example of an exercise:

H Example 2.1.1

Calculate Zp

psin(2x) dx.
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To answer this question, students need to know the indefinite
integral of sin(nx) and the

value of cos x at 2p and 2p. For students who know how to apply
this knowledge, thequestion is an exercise. Alternatively, students
who recognise that sine is an odd function and

know how to cancel positive and negative areas can solve the
question without integration.For these students too it is an
exercise.

Although we are championing problem-solving here, we also
believe that exercises are

a valuable, indeed indispensable, part of direct instruction in
mathematics. The teacher

demonstrates a particular skillin the case of Example 2.1.1,
using integration between

limitsand the students attempt to learn the skill by analogy,
following the teachers example

and applying the same procedure to closely-related questions.
This process often happens

in two stages: in lectures, the teacher demonstrates a skill; in
examples classes, students

attempt to recreate the teachers method, sometimes with the
encouragement of a tutor.Lectures can be an effective and low-cost
way of transmitting information to a large number of

students (Bligh, 1998, p. 11), and most U.K. mathematics
departments use this lecture/tutorial

format to teach most of their modules.

2.1.1 Problems

For our purposes a problem is a question that is not an
exercise. To put it another way, a

problem is a question whose process for answering it is unclear.
Notice that we cannot classify

a question on its own as a problem or exercise: it is as much a
function of the particular student

as it is the mathematical processes which lead to a correct
solution. This definition provides

an immediate practical difficulty: one persons problem is
anothers exercise. The teachers

exercise may well be the students problem. Historically, Example
2.1.1 was a mathematical

research problem, see Edwards (1979). Whenever we discuss
differences between exercises

and problems, we can only ever do so in terms of individual
students at a particular point

in their teaching. One may reasonably assume, however, that
given a particular cohort ofstudents on an undergraduate degree
programme, the division of questions into exercises

and problems will be similar for each student in the cohort.

The defining characteristic of problems as we speak of them is
novelty, and in response

to this novelty their answering requires creativity. Example
2.1.2 presents a question from

geometry that, for most contemporary undergraduates, will be a
problem. Few will easily

relate this question to some previously encountered ideas or
procedures, and so they cannot

immediately think of how to go about answering it; to them it is
novel.
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H Example 2.1.2 Circles

Let Kbe a point on a circle sitting inside and touching a
stationary circle of twice its diameter.

Describe the path of K as the smaller circle rolls round the
larger one without sliding.

K

A relatively small deviation from the norm may be all that is
needed to make a problem

novel. Clarity in how to proceed depends on perception and
recognition. In illustration of this,

Example 2.1.3 is a famous question that, in spite of its
apparent straightforwardness, initially

poses real difficulties to many students:

H Example 2.1.3 Students and Professors

Write an equation to express the statement There are six times
as many students as

professors at this university. Use S for the number of students
and P for the number of

professors.

This problem was initially studied by Clement et al. (1981), who
posed the question to 150

calculus students; 37% of whom answered incorrectly; two-thirds
of incorrect answers being

6S = P. Since Clement et als original paper, this particular
problem has been revisited

on occasion (Fisher, 1988; Stacey and MacGregor, 1993) and
students continue to perform

poorly when attempting it. In this instance the problems novelty
comes from requiring studentsto translate the words into
mathematics a problem of interpretation.

Another example of a classic problem on which much research has
focused is given

in Example 2.1.4, devised by Wason (1968). People perform
poorly, again struggling with

interpretation and frequently mistaking every card which has a D
on one side has a7 on the

other with every card which has a D or a7 on one side has a 7 or
a D on the other. An

equivalent problem, presented in terms of social
interactionsEvery person drinking alcohol

is 18 or older.is answered correctly much more often (Griggs and
Cox, 1982).
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H Example 2.1.4 Wason Selection Test

Imagine you have a four cards on a table and every card has a
letter on one side and a number

on the other.

With the cards placed on a table, you see

D 3 K 7Turn over the fewest cards to establish the truth of the
following statement Every card

which has a D on one side has a 7 on the other.

Examples 2.1.3 and 2.1.4 are two problems whose statements are
precise and unam-

biguous; nevertheless, students struggled with the correct
interpretation. Another possible

situation is a problem whose statement is open to
interpretation, where the terms may not

be properly defined or the logic is suspect. In this case the
students task could be to fix the

statement so that its meaning is clear and its conclusion is
true.

A celebrated discussion of this situation is given in Imre
Lakatoss Proofs and Refutations

(1976), a socratic dialogue in which a teacher and their
students attempt to prove or disprove

the statement For all polyhedra, V E + F = 2. In this case the
students begin with differingand unclear interpretations of
polyhedron, vertex, edge, and face. The extract below (Lakatos

et al., 1976, p. 14) demonstrates one of the issues the students
have to resolve: how to define

the set of objects called polyhedra to ensure that the
conclusion is true? They must first

decide whether to alter their interpretation of the terms in the
conjecture, or the conjecture

itself:

DELTA: But why accept the counterexample? We proved our
conjecturenow it

is a theorem. I admit that it clashes with this so-called
counterexample. One of

them has to give way. But why should the theorem give way, when
it has been

proved? It is the criticism that should retreat. It is fake
criticism. This pair of

nested cubes is not a polyhedron at all. It is a monster, a
pathological case, not acounterexample.

GAMMA: Why not? A polyhedron is a solid whose surface consists
of polygonal

faces. And my counterexample is a solid bounded by polygonal
faces.

TEACHER: Let us call this definition Def. 1.

Through a sequence of proposed proofs and counterexamples, the
class eventually

reaches both a proof of the statement and rigorous definitions
for the terms used in it.
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Traditional direct instruction avoids situations such as this,
precisely because fruitful definitions

(e.g. continuity, convergence) are difficult to formulate.

H Example 2.1.5 Goldbachs conjecture

Every even integer greater than 2 can be expressed as the sum of
two primes.

The statement of Goldbachs conjectureExample 2.1.5can be
understood by children

at secondary school, and yet it has remained open for over
two-and-a-half centuries. With this

problem the novelty is one of strategy: where can one begin?
What constitutes a solution?

What arguments can be brought to bear? While it would clearly be
unreasonable to expect

undergraduate mathematics students to solve this, they can
certainly be expected to attemptthe following Example 2.1.6, taken
from Durham Universitys problem-solving module (see

Section 7.2), which illustrates a similar kind of novelty. For a
typical beginning undergraduate

its statement is very likely to be clear, and yet a way to
approach it and the form of an

acceptable solution are often not.

H Example 2.1.6 Square Differences

Which numbers can be written as the difference of two perfect
squares, e.g. 62 22 = 32?

Another method for bringing novelty to a question is to
introduce of new concepts, or

redefine old ones. In the next Example 2.1.7, students have to
work with a new definition of

multiplication on a set of real numbers.

H Example 2.1.7 Group

The set Rc, defined as R\c, for some c 2 R, is combined with the
multiplication operationdefined by

x y = (x c)(y c) + c.

Verify that Rc is a group under this operation. Find the
identity and inverse elements.

For a student who is new to the subject, this question is likely
to present an algebraic

challenge; it is easy for the novice to confuse the two types of
product . A more experienced
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student of group theory will probably find it a routine exercise
to prove associativity and the

existence of an identity and inverse elements.

H Example 2.1.8 Hamiltonian Graph

A Hamiltonian path is a path that visits each vertex exactly
once. A graph is Hamiltonian

if it has a Hamiltonian path. Prove that a complete graph on n 2
vertices is Hamiltonian.

In Example 2.1.8 the potential or intended novelty is the
introduction of the concept of a

Hamiltonian graph. In a traditional module, the implications of
a newly-defined concept would

most likely be fully explored during the lectures. This
contrasts with the approach often taken

in problem-based learning (see Section 2.6) where students are
given new concepts withoutcomment and are left to investigate their
implications and understand their significance by

working through problems about them. And as students gain
experience and confidence in

problem-solving, they can even be encouraged to create and try
out their own novel definitions

to see if they have fruitful consequences.

We have argued that novelty is a key feature in a mathematical
problem and have illustrated

three ways it can be introduced:

novelty in a problems formulation, calling for careful
interpretation

novelty in the kind of strategies that will lead to a
solution

novelty of the concepts the problem addresses

We have also stressed that novelty is crucially a function of
the students existing knowledge

and previous experience.

By solving problems, students learn to apply their mathematical
skills in new ways; they

develop a deeper understanding of mathematical ideas and get a
taste of the experience of

being a mathematician. With success comes a sense of
achievement, even enjoyment, andpossibly an appetite for more.
Repeated practice under these circumstances increases their

confidence, builds up their stamina, and rewards perseverance.
By the process of regular

reflection on their problem-solving activities, students can
store up these experiences for

future use.

In Section 2.2 we will take a closer look at the ways such
experiences can benefit students.

Before that, we end this section by considering two further
types of questions closely related

to what we mean by mathematical problems; word problems and
puzzles.
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2.1.2 Word Problems and Modelling

Word problems, which include algebra story problems, are a
question presented to students

in rhetorical form. The students first task is to translate the
text into more formal mathematics.

This has already been illustrated by Example 2.1.3. In yet
another of his influential works,

Mathematical Discovery (1962), Plya asserts that word problems
in particular deserve a

special place on the mathematical curriculum:

I hope that I shall shock a few people in asserting that the
most important single

task of mathematical instruction in the secondary schools is to
teach the setting up

of equations to solve word problems. Yet there is a strong
argument in favor of this

opinion. In solving a word problem by setting up equations, the
student translates

a real situation into mathematical terms; he has an opportunity
to experience that

mathematical concepts may be related to realities, but such
relations must be

carefully worked out. Plya, 1962, p. 59

Translating words into mathematics is still an important skill;
when modelling a real-world

situation, we also need to represent it mathematically. We then
operate on the resulting

mathematical abstractions, but periodically check for a
meaningful correspondence between

the real situation and symbolic abstraction. Unlike
problem-solving, when modelling we are

very often required to make approximationsto enable the
resulting equations to be solved.

A good problem, and a good modelling question, both require
decisions on the part of the

solver. This is all part of making sense. Modelling is closely
related to problem-solving, and

engineering and science, particularly physics, make use of
mathematics in this way. It is

argued in Sangwin (2011) that word problems form the start of
modelling.

Evidence has consistently shown that word problems are initially
likely to be problematic

until significant practice has been undertaken. Hence, these
ultimately may become exercises

and not genuine problems in the way that we define them.
However, many of our students

find these particularly difficult and they are often encountered
as problem-solving tasks.Pure mathematics is less concerned with
real world" problems than with the intellectual

patterns of consequences and connections. However, word problems
are a particular genre

of their own in elementary mathematics with a long history
(Gerofsky, 2004). Algebra story

problems are found in both Egyptian and Mesopotamian mathematics
from before 2000BC

(Gerofsky, 2004; Robson, 2008; Hyrup, 1990). Example 2.1.9 has
reoccurred perennially

since Alcuin of Yorks Problems to Sharpen the Young, written
around 775, see Hadley and

Singmaster (1992).
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H Example 2.1.9 Dog and Hare

A dog starts in pursuit of a hare at a distance of thirty of his
own leaps from her. If he covers

as much ground in two leaps as she in three, in how many of his
leaps will the hare be caught?

A version of this problem is thought to be (Swetz, 1972) in (The
Nine Chapters

on the Mathematical Art), a book compiled in the first century
AD from texts dated between

1000BC and 200BC. Because such questions are a part of
mathematical culture and history,

we suggest they also retain a place of modest importance in pure
mathematics, and as part

of problem-solving.

2.1.3 Puzzles and Recreational Mathematics

It is useful to distinguish another subclass of problems called
puzzles. A puzzle is a particular

type of problem that usually requires little prior mathematical
knowledge. There have been

attempts to define puzzles, for instance as tasks requiring
lateral thinking ( De Bono, 1971).

Michalewicz and Michalewicz (2008) suggest that the nature of an
(educational) puzzle is

encapsulated by four criteria: generality (explaining some
universal mathematical problem-

solving principle), simplicity, a Eureka factor and an
entertainment factor. To us, a puzzle is

a question that is free-standing (requiring little or no prior
knowledge), lightweight (lacking

gravitas and without ramifications), and needing ingenuity to
solve it. Frequently, such

ingenuity will be in the form of a trick or sudden insight,
providing the Eureka factor mentioned

by Michalewicz and Michalewicz (2008).

A few examples will show what we mean by a puzzle the first has
a laborious solution

involving an infinite series, and an instant solution when the
penny drops (the Eureka!

moment).

H Example 2.1.10 Bee and trains

Two model trains are travelling toward each other on the same
track, each at a speed 5 km h1along the track. When they are 50
metres apart, a bee sets off at 10 km h1 from the front of

one train, heading toward the other. If the bee reverses its
direction every time it meets one of

the trains, how far will it have travelled before it must fly
upwards to avoid a grisly demise?

A mathematical puzzle need not have wider impact on mathematical
knowledge, or be

part of a circle of ideas; it can be happily self-contained.
Sometimes, however, there are
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useful principles involved, or techniques that can be stored up
for future use. The next puzzle

shows the value of extending a diagram by adding extra
information.

H Example 2.1.11 Diagonal

Two line segments are drawn as diagonals on the sides of a cube
so that they meet at a vertex

of the cube. What is the angle between the segments?

The trick is to draw a third diagonal to produce an equilateral
triangle. Another momentary

pleasant surprise.

It is tempting to dismiss puzzles for being educationally
lightweight, but we argue this

would be shortsightedpuzzles are valuable in a variety of ways.
They can stimulate studentsinterest and provoke curiosity without
requiring special preparation or background knowledge;

they can suggest methods that are useful in other contexts; and
they give students a sense

of achievement, even aesthetic pleasure, when they find a
satisfying solution. In a pilot

project at the University of Birmingham, first-year Chemical
Engineering students took part in

workshops using Puzzle-based Learning, a teaching method
proposed by Michalewicz and

Michalewicz (2008).

The projects main aim was to develop new learning resources to
enable STEM staff to

incorporate puzzle-based learning in their teaching. By working
consistently on puzzles in

a supportive environment, students learn to accept intellectual
challenges, adopt novel and

creative approaches, develop modelling and estimation skills,
practice recognition of cases,

and show tenacity. Above all, they learn to take responsibility
for their learning.

2.2 The Value of Problem-solving

Mathematics is a systematic way of structuring thought and
arguments, which is tied closely

to a coherent body of associated knowledge. Mathematical
practice is concerned with

finding solutions to problems, whether related to practical
problems (applied) or internal

to mathematics (pure). Indeed, mathematical research is itself a
form of problem-solving.

Problem-solving is therefore an important, if not the most
important, component of our

discipline.

In undertaking problem-solving a student needs to develop both
intellectual and tempera-

mental qualities. Students need to:

Identify essential steps and work out a strategy.
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Seek out relevant knowledge and bring it to bear.

Use structured and logical arguments.

Carry through a plan accurately using a sequence of linked
steps.

Know when to turn back in a dead end and try a different
tack.

Organise, present, and defend their solution.

Submit a solution to the scrutiny of the teacher or their
peers.

Explore the consequences of their solution, ask further
questions, experiment with

hypotheses and conclusions, try out generalisations.

Some temperamental qualities needed for problem-solving require
a student to:

Accept the challenge and take responsibility for finding a
solution.

Be tenacious.

Be prepared to take risks.

Tolerate frustration.

Look back at their own work in a critical way.

Accept criticism from others.

As with most human endeavours, effortful practice under suitable
encouragement and

guidance builds confidence, and breeds success.

Employers value mathematicians because of their ability to solve
problems; they expect

our students to be able to do these things in unfamiliar
situations. Very few students need

to use the theorems of group theory in later life; to them the
value of learning group theory,

beyond its intrinsic beauty and interest, is how a they change
because they have made the

effort to do so.If we value something, we need to teach it.
Students on our courses pick up messages

about what we value by how we behave. Unlike school work, which
follows an externally

prescribed curriculum, university mathematics is precisely what
we define it to be. If, as an

extreme and artificial example, the programme consists only of
showing students methods for

solving particular kinds of exercises then mathematics itself is
seen as this activity. If, on the

other hand, students are expected to tackle unfamiliar problems
and to puzzle things out for

themselves, this activity also becomes part of mathematics.
Consider the contrapositive of
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the opening sentence of this paragraph: if we dont teach
something, then we dont value it.

Let us parody this. Are we really not going to teach
problem-solving?

Like any large body of knowledge, mathematics, as it grows, gets
systematised and its

subject matter put into different compartments. This is a
sensible and necessary process,however as a consequence students
tend to think of mathematics in terms of areas such as

number theory, calculus and algebra. Mathematics was not always
so tidy, and it is intriguing

and instructive to look at the ad-hoc methods used historically
to solve quadrature problems

and compare these with the modern equivalents which benefit from
algebra and calculus (see

Edwards, 1979). Because of this systematising instinct, it is
tempting to forget the importance

of grappling with unseen problems, and of developing strategies
and emotional resources

to do so. Just as athletes need to develop stamina, so to do our
students when attempting

to solve problems. Many students currently at U.K. universities
undertaking mathematics

degree courses have been very successful at school, as measured
by the public examinations

system. To them, many of the tasks they have been asked to do so
far were not problems.

It often comes as a shock to realise that some mathematical
problems might require many

hours of thought, and even that people might enjoy the challenge
of tackling them. Again, we

return to ask what is mathematical activity to these students,
and to us as researchers and

teachers?

It has long been known that students must struggle to solve
problems independently and

construct their own meaning. Mathematics education is the art of
helping students to reinvent

the wheel.

For example, as early as 1543 in one of the first English
textbooks on arithmetic, Robert

Recorde acknowledges this as follows.

Master. So may you have marked what I have taught you. But
because thys

thynge (as all other) must be learned [surely] by often
practice, I wil propounde

here ii examples to you, whiche if you often do practice, you
shall be rype and

perfect to subtract any other summe lightly ...

Scholar. Sir, I thanke you, but I thynke I might the better doo
it, if you did showe

me the woorkinge of it.

Master. Yea but you muste prove yourselfe to do som thynges that
you were never

taught, or els you shall not be able to doo any more then you
were taught, and

were rather to learne by rote (as they cal it) than by reason.
Recorde, 1543,

Sig.F, i, v1

This fundamental tension between telling students the correct
method to solve a problem

and requiring them to solve for themselves is particularly
marked in mathematics.
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The following, satirical, criticism of strict instruction is a
reminder to us that dissatisfaction

with education is nothing new.

I was at the mathematical school, where the master taught his
pupils after amethod scarce imaginable to us in Europe. The
proposition and demonstration,

were fairly written on a thin wafer, with ink composed of a
cephalic tincture. This,

the student was to swallow upon a fasting stomach, and for three
days following,

eat nothing but bread and water. As the wafer digested, the
tincture mounted to his

brain, bearing the proposition along with it. But the success
has not hitherto been

answerable, partly by some error in the quantumor composition,
and partly by the

perverseness of lads, to whom this bolus is so nauseous, that
they generally steal

aside, and discharge it upwards, before it can operate; neither
have they been

yet persuaded to use so long an abstinence, as the prescription
requires. Swift,

1726, Chapter 4

There are serious practical difficulties of how to teach
problem-solving, which we seek to

address in the subsequent sections and by providing case-studies
from colleagues attempts

to address this issue.

2.3 Students Previous experience with Problem-solving

The American educational psychologist, David Ausubel, gave the
following advice to teachers:

The most important single factor influencing learning is what
the learner already

knows. Ascertain this and teach him accordingly Ausubel, 1968,
p. vi

Ausubels dictum certainly applies to teaching students to solve
problems. If a student has

never grappled before with a substantial mathematical problem,
alone and without guidance,

then the experience of having to parse and unpack a question,
extract its significant meaning,

devise a strategy, go down blind alleys, get stuck, take risks,
and to wait for inspiration, cancombine to produce such a shock
that the student simply gives up. It can be a wholly negative

experience, which if not addressed would be strongly
counterproductive.

The challenge presented by problem-solving is as much emotional
(or affective) as

intellectual; it helps the teacher to know if students have been
exposed to it before and

whether they have learnt to negotiate it successfully. If they
have, they will deal much better

with problem-solving in a university context and can play a role
in a group to reassure and

suggest strategies for other students to follow.
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Pre-university students take a broad range of qualifications and
have widely differing

mathematical backgrounds, but the majority of applicants to
English and Welsh HEIs have

standard A-Levels and will have taken one or more of the
following examinations:

A-Level Mathematics

A-Level Further Mathematics

Advanced Extension Award (AEA) Mathematics paper

Sixth Term Examination Papers (STEP) I, II, III administered by
the Cambridge Assess-

ment Examination Board

In 2011 almost 83,000 took a full Mathematics A-Level, over
12,000 took A-Level Further

Mathematics, and over 1,200 took at least one STEP paper. These
figures have been steadily

increasing since the Further Mathematics Support Programme went
national in 2005. The

level of challenge in the exam questions increases from A-Level
up to STEP, with STEP being

significantly more demanding than the rest. (STEP I and II are
based on the core specification

for A-Level Mathematics; STEP III is designed for students who
have also done A-Level

Further Mathematics.)

A good way to get a feel for a students pre-university
experience is to look at recent past

papers, which can be downloaded from the websites of the exam
boards (A-Levels from AQA,

Edexcel and OCR, Advanced Extension Award papers from Edexcel,
and STEP papers fromthe Cambridge Assessment Board website.)

To give the reader a feel for the difference, we will now give
typical examples of an A-Level

question and a STEP question.

An A-Level Question

Example 2.3.1 is Question 6 on the June 2011 AQA Pure Core 4
Mathematics A-Level paper.

The exam lasted 90 minutes and there was a total of 75 marks
available on the paper. The

following question therefore represents about 13% of the maximum
mark and should takeabout 12 minutes.

H Example 2.3.1

A curve is defined by the equation 2y + e2xy2 = x2 + C, where C
is a constant. The point

P =

1,

1

e

lies on the curve.

1. Find the exact value of C. (1 mark)

http://www.fmnetwork.org.uk/http://www.edexcel.com/quals/gce/aea/9801/pages/default.aspxhttp://www.edexcel.com/quals/gce/aea/9801/pages/default.aspxhttp://www.admissionstests.cambridgeassessment.org.uk/adt/step/Test+Preparationhttp://www.admissionstests.cambridgeassessment.org.uk/adt/step/Test+Preparationhttp://www.admissionstests.cambridgeassessment.org.uk/adt/step/Test+Preparationhttp://www.edexcel.com/quals/gce/aea/9801/pages/default.aspxhttp://www.fmnetwork.org.uk/
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2. Find an expression fordy

dxin terms of x and y. (7 marks)

3. Verify that P =

1,

1

e

is a stationary point on the curve. (2 marks)

A STEP Question

Example 2.3.2 is Question 5 on the STEP I paper also sat in June
2011. The exam lasted 3

hours, and the paper contained a choice of 13 questions on pure
mathematics, mechanics,

probability and statistics. At most six questions could be
attempted, complete answers to four

questions would typically earn a grade 1, and little credit was
given for fragmentary answers.

The following question therefore represents about 25% of a very
good mark and a candidate

should expect to devote up to 40 minutes to complete it.

H Example 2.3.2

Given that 0 < k< 1, show with the help of a sketch that
the equation

sin x = kx ()

has a unique solution in the range 0 < x < p.

Let

I =Z

p

0| sin x kx|dx.

Show that

I =p2 sin a

2a 2cos a a sin a,

where a is the unique solution of.

Show that I, regarded as a function ofa, has a unique stationary
value and that this

stationary value is a minimum. Deduce that the smallest value of
I is

2cos pp2

.

Both examinations from which these questions are taken would
normally be taken at the

end of a students final year at school (Year 13). A solution to
the A-Level question requires

one differentiation, two substitutions, and the knowledge that
stationary points of a function

are the zeros of its derivative.
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A solution to the STEP question involves the following:

A graphical interpretation of the intersection of the sine curve
with a straight line,

including the fact that the gradient of sin x is 1 at the
origin. (Also implicit use of the

intermediate value theorem, though a formal statement is well
beyond the boundaries

of A-Level mathematics itself.)

The observation that

Zp

0|f(x)|dx =

Za

0f(x)dx

Zp

a

f(x)dx because f(x) is negative

in the interval (a, p].

Accurate computation of the definite integrals, the correct
substitution for k, and algebraic

simplification.

The calculation ofdI

daand its non-trivial factorisation into p

2

2a2 1 (a cos a sin a).

The proof that the second factor is non-zero on the interval (0,
p) and that a =pp

2is

therefore the only zero ofdI

dain this interval.

The proof that this stationary point is a minimum and the final
calculation of the minimum

value of I.

The point we wish to make here is not the quantity of
mathematical knowledge needed;

the STEP question contains topics and techniques from A-level
mathematics. Nothing needed

to answer the STEP question is particularly tricky or obscure,
however the structure of

Example 2.3.2 is quite different to that of the A-Level
question. The number of linked steps

and the need to make subsequent choices based on an
understanding of the meaning of the

current work clearly separate the two.

We acknowledge that a student may learn to answer Example 2.3.2
in a similar manner

to Example 2.3.1, and that the STEP question is worth roughly
twice as many marks as

the A-Level question. However, it is clear that students who
have only been taught to solve

questions such as Example 2.3.1 may find themselves in
difficulty if confronted with a question

such as Example 2.3.2. Not only does the STEP question above
call for a range of differentideas and technical skills, it also
requires sheer stamina to carry it through to the end without

making slips in calculation and manipulation; under the
pressures of a timed exam, such slips

are hard to spot and recover from.

Returning to Ausubels dictum, it is important to ascertain what
students know, and

how they have been previously taught, to provide to them the
best transition into university

mathematics. This is of particular importance when the
experiences of students in a cohort

can range so widely.
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2.4 Teaching Problem-solving

Problems have been posed to students since antiquity (Boyer and
Merzbach, 1991; Robson,

2008), however the modern problem-solving movement within
mathematics education can betraced directly to the work of George
Plya. Plyas book How to Solve It (1945) was perhaps

the first to discuss problem-solving as a discipline in its own
right and the first to attempt to

offer a process for solving mathematics problems. Plya suggests
the following process for

finding solutions:

1. Understand the problem.

2. Make a plan.

3. Carry out the plan.

4. Looking back.

Thus Plya presents problem-solving as an iterative process,
terminating only once the

reviewed plan is confirmed to work. Plyas two volume Mathematics
and Plausible Reasoning

(1954a; 1954b) expanded greatly on the more populist How to
Solve It, including a large

number of example problems from a wide range of mathematical
topics, and introducing

more specific approaches to problem-solving such as generalising
and specialising (see

Section 3.5).After Plya the development of strategies for
solving problems continued, however all

faced a similar issue the more specific a strategy, the less
widely applicable it became,

and the closer it moved to case-analysis problem-solving. Begle
(1979, p. 145) surveyed the

empirical literature on the various processes that they offered
and came to the conclusion

that:

No clear-cut directions for mathematics education are provided
by the findings of

these studies. In fact, there are enough indications that
problem-solving strategies

are both problem- and student-specific often enough to suggest
that hopes of

finding one (or a few) strategies which should be taught to all
(or most) students

are far too simplistic.

Since Begles review in 1979 a great deal has been published, and
authors such as

Schoenfeld (1992) and Mason et al. (2010) have developed Plyas
ideas further. Chapter 3

contains John Masons discussion on the relevance of Plya to
todays problem-solving

teaching. We remain, however, unable to teach problem-solving in
the systematic way we
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would teach a subject like calculus. Most recently, Lesh and
Zawojewski (2007, p. 768)

summed up the situation as follows:

In mathematics education, Plya-style problem-solving
strategiessuch as drawa picture, work backwards, look for a similar
problem, or identify the givens and

goalshave long histories of being advocated as important
abilities for students

to develop. Although experts often use these terms when giving
after-the-fact

explanations of their own problem-solving behaviors, and
researches find these

terms useful descriptors of the behavior of problem solvers they
observe, research

has not linked direct instruction in these strategies to
improved problem-solving

performance.

This is hardly surprising; indeed, were someone to develop a
procedure or set of guidelines

that enabled students to solve a particular family of problems,
much as they are taught

techniques for integration, then those problems would be
transformed to exercises. This

illustrates, once again, the importance of context for our
notion of problem.

Despite the difficulty of teaching problem-solving, its
importance in developing mathemat-

ical thinking is appreciated by many, and furthermore the
process that mathematicians go

through when solving problems can be retrospectively described
in common terms (Lester

and Kehle, 2003, p. 507). One possible solution to the seeming
impasse is to refer back to

Plyas Problems and Theorems in Analysis (1925), co-authored with
Szeg, in which it is

said that the independent solving of challenging problems will
aid the reader far more than

the aphorisms which follow, although as a start these can do him
no harm.

We conclude that teaching mathematical problem-solving should
centre on problems

that stimulate students imaginations, that appeal to their
curiosity, that accord with their

knowledge and skills, and that present a challenge without
appearing Sisyphean. As well as

exercising careful judgement in the selection of problems, the
teachers most important role

is to offer just the right amount of support and encouragement,
ensuring that a solution is

within a students grasp but not too easily discovered. In the
following section we consider

how problems might be chosenor authoredto make this possible,
and to give students

the maximum educational benefit from their problem-solving
experience.

2.5 A Good Problem

First and foremost, a good problem should be pedagogically
worthwhile; it should advance

students knowledge, deepen their understanding, and be relevant
to their curriculum. It

should also be carefully matched to their ability, challenging
them, and yet offering a fair
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chance of success within a reasonable time. What constitutes a
reasonable time is at the

discretion of the teacher; in the problem-solving module at
Queen Mary for instance, each

student is given a single problem each week (see Section 7.5).
In a problem-solving class,

there will usually be a considerable spread of ability and
confidence, which brings the riskthat some students might never be
able to solve a problem on their own. Here, the teacher

has an important role in ensuring that all students derive
something educationally valuable

from the experience.

Before discussing examples, we consider some intrinsic features
of a mathematical

problem that will serve to make it pedagogically worthwhile. We
venture that a good problem

will embody at least one, and probably more, of the following
qualities:

Manifest aspects of novelty discussed in 2.1.1.

Bring together several mathematical ideas from different
contexts, particularly if this is

in an unlikely or surprising way.

Illustrate the application of one or more general principles
that have wider application

(e.g. the pigeonhole principle).

Lead somewhere, being capable of prompting new, related
questions, suggesting

generalisations or transformations.

Be capable of reformulation or translation into an equivalent
problem with a known

solution.

Form part of a sequence of questions leading to a significant
piece of mathematical

knowledge.

Call for some creative insight or flash of inspiration.

Admit several different solutions, possibly varying in their
simplicity or elegance.

Our first example is elementary and looks more like a puzzle
than a problem. However,

experience has shown that many students struggle with it. It is
novel to most of them, it calls

for some elementary geometrical insight, and it leads
somewhere:

H Example 2.5.1 Field

You own a rectangular piece of land as shown in the plan below.
The L-shaped grey region is

woodland, the rectangular white part is pasture.
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Using a straight-edge only, show on this plan how to build a
single straight fence which

divides the area of the woodland in half, and justify you
answer.

The solution depends on the fact that for a given geometrical
shape (a rectangle in this

case) there exists a point with the following property: any line
through the point dividesthe area of the shape in half. This leads
naturally to the question: which shapes have this

property?

Example 2.5.2, taken from group theory, illustrates starkly that
novelty is a relative concept.

Given the questions studied by Clement et al. (1981) and Wason
(1968), it is important to

keep in mind students difficulties with even the slightly
unfamiliar and to remember that each

year the new cohort are likely to face the same difficulties
afresh. A student who has only

just met the notation for a coset and the definition of a normal
subgroup may well struggle to

know where to begin. We would expect that after some active work
with tasks of this kind

they will soon appreciate the question as an exercise.

H Example 2.5.2 Centre of a Group

The centre Z(G) of a group G is defined as follows:

Z(G) = {z 2 G | zg = gz 8 g 2 G}.

Prove that Z(G) is a normal subgroup of G.

Example 2.5.3 challenges students to find a new proof, at least
probably new to them,

of Pythagoras Theorem, a result that many of them will have
taken for granted since their

GCSEs. By being asked to consider familiar material in fresh
ways, students will learn there

are different, equally valid, routes to the truth, and to make
connections between geometric

and algebraic approaches to problem-solving.
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H Example 2.5.3 Pythagoras Theorem

Making reference to the following diagram, prove Pythagoras
Theorem.

The algebraic solution comes from labelling the two short sides
of the four congruent

right-angles triangles a and b, say, noting that the large
square has area a2 + b2 + 2ab and

that the combined area of the four triangles is 2ab. The
geometric proof is strikingly visual:

rotate the left of the two bottom triangles through 90 about
their common point to form a

rectangle in the bottom right-hand corner of the large square.
Repeat this with the top two

triangles to form second rectangle, and finally slide this
rectangle across to the top left-hand

corner.

H Example 2.5.4 Triangle

Five points are placed inside an equilateral triangle with sides
of length 2. Show that two of

them are less than 1 apart.

The problem in Example 2.5.4 is straightforwardly solved when a
well-known technique

namely the pigeonhole principleis applied. Here, a student is
either introduced to new

method of proof (if they did not know it before), or extends the
range of questions to which

they can apply pre-existing knowledge.

H Example 2.5.5 Homomorphism

Let G = GLn(R) denote the set ofn n invertible matrices over the
real numbers. Provethat G, with the operation of ordinary matrix
multiplication, is a group. If Hdenotes the

multiplicative group (R, ) of non-zero real numbers, find a
non-trivial homomorphism

from G to H, justifying your answer.
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As our last illustration of a good problem, Example 2.5.5,
requires students to bring

together knowledge from two different areas of mathematics,
group theory and linear algebra,

to find a solution. A student totally new to the subject matter
may find it hard to make the

desired connection, but when they succeed they will be able to
view the determinant as astructure-preserving map, rather than just
a procedure for calculating a number associated

with a square matrix.

The final aspect of a good problem is that students should want
to solve it. A good

problem should somehow intrigue, captivate, and engage the
attention of a lively mind; how a

problem achieves this is difficult to capture and depends on the
curiosity of the student. Our

small selection of examples of good problems cannot demonstrate
the variety of problems

available to test and teach students across an entire
mathematics degree. Section 5.4

highlights sources of other suitable problems, and our project
website2 features a collection

of its own, to which readers contributions are welcome.

We do not suppose that a good problem need have all of the
features we have discussed

in order to be an effective instrument of learning and we
emphasise, once again, that a

problems value is a function not only of its content and appeal
but also, crucially, of the

student for whom it is intended. In the next section we consider
how problems can be used

as the predominant medium for teaching and learning an area of
mathematics.

2.6 Problem-based Learning and the Moore Method

Problem-based Learning (PBL) refers to a range of pedagogies
which aim to teach a topic

through a progression of problems. PBL is used in a range of
subjects and the structure of a

problem progression lends itself well to mathematics.
Problem-based learning is sometimes

conflated with and sometimes seen as distinct from enquiry-based
learning (EBL, also known

as inquiry learning, IL, in the U.S.). In EBL students are
presented with tasks by the teacher

and by working through these tasks acquire the knowledge that
the teacher is trying to convey.

In exploring the difference or otherwise between EBL and PBL,
Hmelo-Silver et al. (2007,

p. 100) had not uncovered any dimensions that consistently
distinguish between PBL and IL.

An extreme form of PBL in mathematics is the Moore Method. Named
after the influential

Texan topologist Robert Lee Moore (18821974) (Parker, 2005) who
developed it for his

university mathematics courses, the Moore Method requires that
students answer questions

that accumulate into a coherent theory. The essence of the
Method is to engage students via

the following process:

1. Mathematical problems are posed by the lecturer to the whole
class.

2www.mathcentre.ac.uk/problemsolving

http://www.mathcentre.ac.uk/problemsolvinghttp://www.mathcentre.ac.uk/problemsolving
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2. Students solve the problems independently of each other.

3. Students present their solutions on the board to the rest of
the class.

4. Students discuss solutions to decide whether they are correct
and complete.

5. Students submit written solutions for assessment.

The only written materials that students receive are the
problems themselves; no model

answers are distributed by the teacher at any time. Teachers are
not passive observers

however, it is their job to encourage those who are stuck, to
ask searching questions and give

minor suggestions where they deem them suitable.

Moore has a reputation for running his classes in an
authoritarian way. For example, he

required that students worked alone; those who sought help from
their peers or the published

literature were expelled (Parker, 2005, p. 267). One
misconception regarding Moores Method

is that he simply stated axioms and theorems and expected
students to expound a complete

theory. W. Mahavier said of Moore:

Moore helped his students a lot but did it in such a way that
they did not feel

that the help detracted from the satisfaction they received from
having solved a

problem. He was a master at saying the right thing to the right
student at the right

time. Parker, 2005

Moore was particularly successful in attracting and encouraging
graduate students, many

of whom adopted his teaching approach. As a result, this method
is still used widely.

Selecting individual problems for a course taught by such a
method is necessary but

insufficient for success. Here, it is the progression of
problems that is key. With a set of

problems leading one into another, students build up an area of
mathematics for themselves

and, as mathematicians do, draw upon previous results to help
them achieve this goal. The

aim of this approach is not to teach a topic in a polished and
professional format, and progress

is generally far slower than one would expect from a standard
lecture-based module; however

these courses pay dividends to students in their other modules,
besides teaching them to bebetter problem solvers (Badger,
2012).

The Moore Method has been extensively modified by practitioners
who came after Moore,

and arguably only Moore himself used the Moore Method. The key
defining feature here

is the progression of problems that build to form a coherent
whole. Certain areas of pure

mathematics, such as geometry and graph theory, lend themselves
particularly well to this

approach, however most topics are amenable to it. Variations in
students prior knowledge

can disrupt the process (Moore dismissed any student with
previous experience in the
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mathematical topic that he was teaching), and so areas
completely unfamiliar to students may

prove more fruitful than others.

When teaching students by PBL the temptation may be to lower the
initial cognitive burden

on students by demonstrating a general approach, before
encouraging students to try forthemselves, giving fewer and fewer
hints as they progress. This cognitive apprenticeship, as

described by Brown et al. (1989, pp. 455456), proceeds as
follows:

Apprentices learn these methods through a combination of. . .
what we, from the

teachers point of view, call modelling, coaching, and fading. In
this sequence of

activities, the apprentice repeatedly observes the master
executing (or modelling)

the target process, which usually involves a number of different
but interrelated

subskills. The apprentice then attempts to execute the process
with guidance

and help from the master (coaching). A key aspect of coaching is
the provision

of scaffolding, which is the support, in the form of reminders
and help, that the

apprentice requires to approximate the execution of the entire
composite of skills.

Once the learner has a grasp of the target skill, the master
reduces his participation

(fades), providing only limited hints, refinements, and feedback
to the learner, who

practices by successively approximating smooth execution of the
whole skill.

Scaffolding is a term introduced by Wood et al. (1976, p. 90) to
describe a process that

enables a child or novice to solve a problem, carry out a task
or achieve a goal which wouldbe beyond his unassisted efforts. This
scaffolding consists essentially of the adult controlling

those elements of the task that are initially beyond the
learners capacity, thus permitting him

to concentrate on and complete only those elements that are
within his range of competence.

The processes described by Wood et al. (1976) is termed guided
exploration, and while

appealing in its clarity, presents a number of problems. The
first and most obvious problem

is that students emulate the teachers behaviour, without
reproducing their approach and

reasoning; exactly the issue that we wish to avoid by teaching
with problem-solving. Secondly,

it is difficult for teachers to maintain control of the complete
process, because a teacher

acts in the moment; it is only later that the learners behaviour
makes it possible to describe

the whole process as scaffolding and fading. Put another way,
teaching takes place in time;

learning takes place over time (Mason et al., 2007, p. 55).

The Moore Method and generalised problem-based learning
pedagogies are the basis for

the recommendations we make in Chapter 5, and is in use in the
mathematics departments

at Birmingham (Section 7.1) and Leicester (Section 7.3).
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Chapter 3

Having Good Ideas Come-To-Mind:

Contemporary Plya Based Advice for

Students of MathematicsJohn Mason

Everybody wants students to become better at problem-solving.
But what does this actually

mean in practice, and what have we learned since George Plya
published his ground-

breaking little book How To Solve It in 1945? See Appendix B for
a potted summary of his

advice. Plya reintroduced the notion of heuristic as the study
of the means and methods

of problem-solving (Plya, 1945, p. vi), taken from his
free-rendering of a work of Pappus

(c300CE) called the Analyomenosand augmented by the writings of
Bernard Bolzano (1781

1848). Pappus distinguished between synthesis (starting from the
known and deducing

consequences) and analysis (starting from the wanted and seeking
consequences and

connections until reaching a suitable point for synthesis).

Problem-solving has come around yet again as a slogan for
reforming teaching of mathe-

matics. The long and the short of the matter is that students in
the main continue to assent

to what they are told in lectures and tutorials, rather than to
assert and subsequently modify

conjectures (Mason, 2009). When asked what more support they
would like, students usually

request more examples, either worked out so as to serve as
templates, or for additionalpractice. They seem content simply to
get through the next test, as if they thought that

attempting the tasks they are set and scoring passably on tests
means that they are learning.

As Plya says in a preface:

This book cannot offer you a magic key that opens all doors and
solves all

problems, but it offers you good examples for imitation and many
opportunities

for practice. . . . if you wish to derive most profit from your
effort, look out for such
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features of the problem at hand as may be useful in handling the
problems to

come...Plya, 1962, p. 1.v1

Learning to solve problems not only requires engaging in
problem-solving but in addition,

intentional acts of learning from that experience.

As long as lecturers and curriculum designers collude by
superficial coverage of a mul-

titude of complex ideas without acknowledging the experience of
a majority of students,

numbers of students pursuing mathematics are likely to continue
at a suboptimal level, and

suitable students will look elsewhere for a fulfilling career.
At the core of the problem for

students is having come-to-mind an appropriate action to
undertake in order to resolve some

problematic situation, and it is problematic for them, because
they are not aware of how to

study mathematics, nor how to think mathematically. In short,
they need Plyas advice. At thecore of the problem for lecturers is
having come-to-mind an appropriate pedagogic strategy2

or didactic tactic that will stimulate student learning
effectively. Of particular significance is

the often over looked advice to look back on what you have done
and try to learn from the

experience. Plya presents his advice experientially, through
inviting readers to try things for

themselves, then watch an expert and then try more things for
themselves. The case is made

here that Plyas age-old advice and style of presentation remains
the best there is, being

highly pertinent and readily augmented by research and
experience garnered subsequently.

3.1 The Many Meanings of Problem Solving

Political phrases gain potency for a time by being multiply
construable and Problem Solving

is an excellent case in point. It has different meanings in
different settings as indicated in

Chapter 2. As a commonplace problem-solving resonates with
widely varying audiences;

as a practice it is highly attenuated. Plya addresses the issue
of trying to specify what he

means by problem-solving, arriving eventually at:

To search consciously for some action appropriate to attain a
clearly conceivedbut not immediately attainable aim. Plya, 1962, p.
1.117

This conforms with an insight expressed in the 1960s by Brookes
(1976) in a short article

called When is a problem?, pointing out that something is a
problem only when there is a

person for whom it is a problem, and that what is a problem for
one person may not be for

2A pedagogic strategy can be used in many different settings and
mathematical topics; a didactic tactic is

specific to the topic, concept or technique.
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another. Plya (1962, p. 2.63) also addresses the importance of
desire in generating a state

of problmatique.

Plya proposes two kinds of mathematical problems and discusses
differences in ap-

proaches required: problems to prove and problems to find
something (and then prove)

(Plya, 1962, pp. 1.119121).

3.1.1 Word Problems

Most notable among the exercises in traditional textbooks are
the so-called word problems.

These are routine problems set in some usually fictitious if not
fanciful context. Isaac Newton

was one of the notable figures who redirected mathematicians
attention from the solution of

puzzles to the solution of the equations that you get from
tackling puzzles and word problems

(see Whiteside, 1968). He thought the translation or modelling
aspect was essentially trivial,

although his contemporaries were not so sure, and they have been
borne out by the notable

failure of students in subsequent generations to master such
problems.

Much maligned as a genre (Gerofsky, 1996; Verschaffel et al.,
2000), word problems

seen not as effective modelling of the material world, but as
opportunities to discern pertinent

details, to recognise relevant relationships and to express
these as properties in symbols and

diagrams so as to use algebraic and other techniques, can serve
a useful purpose (Mason,

2001). Even so, this is not what is meant by problem-solvingat
tertiary level, although it would

be greatly advantageous if students on entry were better at
it.

3.1.2 Problems as Exercises

In some countries problem-solving usually refers to students
working on the exercises at

the ends of chapters. These can vary according both to the
degree to which they extend and

develop the chapter contents, and the degree to which they are
structured so as to reveal

underlying relationships. While it is tempting to classify tasks
according to their degree of

internal structure, and the degree to which they provide
practice rather than directions forexploration, structure in a set
of exercises involves lies partly, even largely, in the eyes of
the

beholder. What matters is the way the exercises are used. Here
are some examples:

Carefully Structured

Example 3.1.1 is taken from Krause (1986, p. 6). The pedagogic
subtlety can only be

experienced by actually doing the task.
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H Example 3.1.1 Krause

For this exercise A = (2,1). Mark A on a coordinate grid. For
each point P belowcalculate dT(P, A) [the taxicab distance], and
markP on the grid [in the original, they are

in a single column so there is no temptation to work across rows
instead of in order down the

columns]:

(a) P = (1,1) (e) P = ( 12

,1 12

)

(b) P = (2,4) (f) P = (1 12

,3 12

)

(c) P = (1,3) (g) P = (0, 0)(d) P = (0,2) (h) P = (2, 2)

Here there are lurking surprises that provoke re-thinking
expectations, leading to a deeper

sense of how distance works in an unfamiliar metric. It may look
like routine practice, but it is

actually highly structured and develops the concept of
circle.

From a sixth form pure mathematics textbook (Backhouse et al.,
1971, p. 59) which has

been revised and reprinted many times right up until 2011:

H Example 3.1.2 Backhouse

1. Express2

n(n+2) in partial fractions, and deduce that

1

1.3+

1

2.4+

1

3.5+ . . . +

1

n(n + 2)=

3

4 2n + 3

2(n + 1)(n + 2).

2. Express n+3(n1)n(n+1) in partial fractions, and deduce
that

5

1.2.3+

6

3.4.5+

7

3.4.5+ . . . +

n + 3

(n 1)n(n + 1) = 11

2 n + 2

n(n + 1)

5. Find the sum of the first n terms of the following
series:

(i)1

1.4+

1

2.5+

1

3.6+ . . . , (iv)

1

2.6+

1

4.8+

1

6.10+ . . . ,

(ii)1

2.4+

1

4.6+

1

6.8+ . . . , (v)

1

1.3.5+

1

2.4.6+

1

3.5.7+ . . . ,

(iii)1

3.6+

1

6.9+

1

9.12+ . . . , (vi)

1

3.4.5+

2

4.5.6+

3

5.6.7+ . . . .
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Questions 3 and 4 make the transition to sums of series.

Here the technique of partial fractions is used to rewrite
series as telescoping sums. Either

the student is expected to generalise for themselves, and to
extract if not abstract a technique,

or the teacher is expected to draw student attention to this.
Although any mathematicianwould expect students to make this
generalisation and reach this abstraction for themselves,

it would be perfectly possible for a student to do all of
question 5 successfully without actually

becoming aware of an underlying structural technique.

In his Higher Algebra for Schools(1941, pp. 67) Ferrar shows two
worked examples using

telescoping terms to find the sum of a series, and then adds the
comment: Pay attention to

the idea not the particulars (p. 13). However, in a later
edition (1956) this is removed and the

presentation revised. The comment is changed to:

the reader should concentrate on the procedure express ur as the
difference

of two vrs; add u1 + . . . + un and see which terms cancel; do
not attempt to

remember the precise way in which they cancel in each type of
example. Ferrar,

1956, p. 9

it seems that perhaps Ferrar came to the conclusion that his
indirect advice was insufficient,

and that he needed to be more specific. Whenever we are
specific, we take away some of

the potential for students to take initiative; whenever we leave
things unsaid, students may

overlook the essence. Prompting reflection is one way to work in
the middle ground betweenthe two extremes.

Interestingly, in his Higher Algebrasequel (1943, p. 96) Ferrar
inserts comments in square

brackets, warning the reader that they do not form a necessary
part of the solution when

the reader is working examples for himself, which suggests that
his experience corresponds

closely to Open University experience, that students try to
learn and then display whatever

is in their text, rather than distinguishing advice from
necessary behaviour. Elsewhere in his

two books is there a similar comment about where attention is
best directed. Presumably

students, or students teachers are expected to recognise and
point out these matters.

Learning from examples

Ference Marton (see Marton et al. (1997); Marton and Pang
(2006); Marton and Slj

(1976a,b); Marton and Trigwell (2000)) suggests that what is
available to be learned from a

sequence of examples, and by extension, from a sequence of
exercises, is what is varied.

He uses the terms dimensions of variation to refer to the
aspects which are varied, and

observes that to be detected, variation needs to take place
within a confined space and
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time. Thus it is of little use to sprinkle instances amongst
differently structured ones (as

in a set of miscellaneous problems) if the intention is that
students appreciate the possible

variation and the range of permissible change in each of these
dimensions (Watson and

Mason, 2005, 2006). For example, recognising numbers as
potential parameters is an act ofgeneralisation. But it is
perfectly possible to treat a worked example as a template
without

really appreciating what is being varied and over what range
that variation is permitted, and

hence without actually experiencing the abstraction (Plya, 1945,
pp. 209214).

Scataglini-Belghitar and Mason (2011) report on an analysis task
involving the use of

the theorem that a continuous function on a closed and bounded
interval attains its extreme

values. Even though students had seen an application of the
theorem, many did not think to

use it on a test when they had to construct an appropriate
interval for themselves, nor did it

come to mind for them in a subsequent tutorial. It can be
difficult for an expert to recognisethat students may not be
attending to the same things, or even if attending to the same
things,

not attending in the same way (Mason, 2003). Thus the tutor
experiences an instance of

a general property, while students most often experience a
particular. Familiarity tends to

increase speed of talk and decrease verbal and physical
pointing, reducing the opportunity

for listeners to construe what is being said.

More challenging but less structured

H Example 3.1.3

12. If z1,z2, . . .zn are complex, prove that |z1 + z2 + . . . +
zn| |z1| + |z2| + . . . + |zn|.13. If x, y are complex, prove that
||x| |y|| |x y|.14. Ifz is a complex number such that |z| = 1, that
is, such that z z = 1, compute

|1 + z|2 + |1z|2. Rudin, 1976, p. 23

These form a somewhat isolated trio of tasks in an end of
section set of exercises

concerning the modulus sign but with no evident structural
relationship apart from 12 and 13

being important inequalities that are used frequently, while 14
demonstrates the power of

using complex conjugates when calculating with lengths of
complex numbers. Yet there is

nothing to alert students to these facts as useful
properties.

The three exercises in Example 3.1.4 are taken from Herstein
(2006, p. 46), a textbook

that has been in use for some 50 years.
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H Example 3.1.4 Herstein

1. IfH& Kare subgroups ofG, show that H\ Kis a subgroup ofG.
(Can you see that thesame proof shows that the intersection of any
number of subgroups of G, finite or infinite, is

again a subgroup of G?)

2. Let G be a group such that the intersection of all its
subgroups which are different from

(e) is a subgroup different from (e). Prove that every element
of G has finite order.

3. If G has no non trivial subgroups, show that G must be of
finite prime order.

These problems form a structured sequence, but are students
likely to recognise that

structure as indicating a strategy for proving a result for
themselves, without having their

attention drawn specifically and explicitly to how the problems
are related?

Subsequent exercises are used to introduce cosets, centre and
no
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