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Examples of Ordinary differential equations
 (1) y′ = 1
 (2) y′ = x2 − 1
 (3) y′ + xy = 1
 (4) y′ = y
 (5) cos2(y′y′′) = (y2 − x)ey′′
 (6) y′ = sec(xy′)
 (7) xy′′′ + exy′′ − xy = 2
 (8) y′′ + 7y′ + 12y = ex
 (9) (y′)2 − x2 = sin y
 (10) y[1 + (y′)2] = 2
 (11) y′′ = 7xy′ − 3
 x2 y + 3x
 (12) xy′ − 3(x2 − 1)y = 2
 (13) (1 + x2)y′ + xy = (1 + x2)5/2
 (14) y′ =x + y
 x− y(15) yy′ + x = 0
 (16) dydx
 = (x + y)6
 (17) (x−√xy)y′ = y
 (18) (x− y + 3)dy = (x + y + 1)dx
 (19) (x + y + 2)dy
 dx= (x + y − 4)
 (20) et/y(y − t)y′ + y(1 + et/y) = 0
 (21) (y2 + 3x)dx + xydy = 0
 (22) xy′ = sin x
 (23) 1 + cos(x + y) = −y′ cos(x + y)
 (24) 2t sin y + y3et + (t2 cos y + 3y2et)y′ = 0
 (25) 3y2 + 4xyy′ = 0
 (26) (y2 + 4yex)dx + 2(y + ex)dy = 0
 (27) y′ + a(t)y = b(t)yn (Bernoulli differential equation)
 (28) y′ + xy + y2 = 0
 (29) y′ = P (x) + Q(x)y + R(x)y2 (Riccati equation)
 (30) x2y′′ − 2xy′ + 3y = 0 (Euler equation)
 (31) (x− 1)2y′′ + 3(x− 1)y′ − 7y = x2
 1

Page 2
                        

2
 (32) y = (y′)2 + xy′
 (33) y′′ + 2y′ + y = 0
 (34) y′′ − 7(y′)3 + 7 = cos x
 (35) sin(y′′) = y
 (36) x2y′′ − xy′ − y = 2x + 1
 (37) y′′′ − y′′ + y′ − y = 0
 (38) 3t2 + 4ty + (2y + 2t2)y′ = 0, y(0) = 1
 (39) 2(y − 1)y′ = 3x2 + 4x + 2, y(0) = −1
 (40) y′ = k(1− y)(2− y), y(0) = 0
 (41)dy
 dt=
 2t
 y + yt2, y(2) = 3
 (42)d2y
 dt2+ 2
 dy
 dt+ 5y = 0, y(0) = 0, y′(0) = 2 (Initial value problem)
 (43) 4y′′ − 4y′ + y = 0, y(0) = y(1) = 0 (boundary value problem)
 (44) 3y′′ + 4y′ + y = (sin t)e−t, y(0) = 1, y(2) = 0
 (45) y′′ − 2(t + 1)
 t2 + 2t− 1y′ +
 2
 t2 + 2t− 1y = 0
 (46) (1− t2)y′′ − 2t + 2y = 0
 (47) xy′′ − (1 + 3x)y′ + 3y = 0
 (48) y′′ + 3y = t3 − 1
 (49) y′′ − y = t2et
 (50) y′′ + y = cos t cos 2t
 (51) y′′ + y = tan t
 (52) y′′ = y′ + xex
 (53)∂2u
 ∂x2+
 ∂2u
 ∂y2= 0 (Laplace equation)
 (54)∂u
 ∂t=
 ∂2u
 ∂x2+
 ∂2u
 ∂y2(Heat equation)
 (55)∂2u
 ∂t2=
 ∂2u
 ∂x2+
 ∂2u
 ∂y2(Wave equation)
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 MA3220 Ordinary Differential Equations
 Text: Simmons: QA372 Sim, Ref: Williamson : QA371 Wil
 Ch.1. First Order Equations and introduction
 §1.1. Introduction(Sections 1,2,3,7; Chapters 1.1,1.3)
 1. Ordinary differential equations.
 An ordinary differential equation (ODE for short) is a relation contain-
 ing one real variable x, the real dependent variable y, and some of its
 derivatives y′, y′′, · · · , y(n), · · · , with respect to x.
 Remark. y′ can be either dydx or dy
 dt and y(n) can be either dnydxn or dny
 dtn .
 The order of an ODE is defined to be the order of the highest derivative
 that occurs in the equation. Thus, an n-th order ODE has the general
 form
 F (x, y, y′, · · · , y(n)) = 0, F : Rn+2 → R. (1.1.1)
 We shall almost always assume that (1.1.1) can be solved explicitly for y(n)
 in terms of the remaining n + 1 quantities as
 y(n) = f(x, y, y′, · · · , y(n−1)), (1.1.2)
 where f is a known function of x, y, y′, · · · , y(n−1). Hence F (x, y, y′, · · · , y(n))
 can be taken as y(n) − f(x, y, y′, · · · , y(n−1)).
 Example (1) y′2 = x2 + y2, (2) sin y′ = y′ + xy.
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 An n-th order ODE is linear if it can be written in the form
 a0(x)y(n) + a1(x)y(n−1) + · · ·+ an(x)y = r(x). (1.1.3)
 The functions aj(x), 0 ≤ j ≤ n are called coefficients of the linear equa-
 tion. If r(x) ≡ 0, (1.1.3) is called a homogeneous equation. If r(x) 6≡ 0,
 (1.1.3) is said to be a non-homogenous equation, and r(x) is called the
 non-homogeneous term.
 2. Solutions.
 A functional relation between the dependent variable y and the indepen-
 dent variable x that satisfies the given ODE in some interval J is called a
 solution of the given ODE on J .
 A first order ODE may be written as
 F (x, y, y′) = 0. (1.1.4)
 The function y = φ(x) is called an explicit solution of (1.1.4) in the interval
 J provided
 F (x, φ(x), φ′(x)) = 0 in J. (1.1.5)
 The pair of equations
 x = x(t), y = y(t) (1.1.6)
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 is said to be a parametric solution of (1.1.4) if
 F (x(t), y(t),y(t)
 x(t)) = 0.
 Example Check that x = cos t, y = sin t is a parametric solution of
 y2(1 + [y′]2)− 1 = 0.
 3. Integral curves.
 The solutions of an ODE
 y′ = f(x, y) 1.1.7
 represent one-parameter family of curves in the xy-plane. They are also
 called integral curves.
 Example
 (1) The one-parameter family of curves y = ce2x are solutions of y′ = 2y.
 (2) y = ce−x + 2x− 2 are solutions of y′ = 2x− y
 (3) tan(x + y)− sec(x + y) = x + c are solutions of y′ = sin(x + y).
 (4) x2 + y2 = c are solutions of x + yy′ = 0.
 (5) x4 +6x2y2 +y4 = c are solutions of (x3 +3xy2)dx+(3x2y+y3)dy = 0.
 (Take note of the notation dx and dy here.)
 (6) (x + c)(1 + tanx + y
 2) = −2 are solutions of y′ = sin(x + y).
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 4. Separable equations and change of variables.
 The easier type of ODE that we can hope is separable equation! Typical
 separable equation can be written as
 y′ =f(x)
 g(y), or g(y)dy = f(x)dx. 1.1.8
 The solution is given by∫
 g(y)dy =∫
 f(x)dx + C.
 (Thus, technique of integration is important in this module.)
 How do we know solution must be of this form? Recall Mean Value
 Theorem and its consequence:
 Theorem If f is differential on (a, b) and continuous on [a, b], then there
 exists c ∈ (a, b) such that f ′(c) =f(b)− f(a)
 b− a.
 Corollary If f ′(x) = g′(x) on (a, b), then there exists a constant C such
 that f(x) = g(x) + C for all x ∈ (a, b).
 Example 1. y′ = 1 + y.
 Example 2. y′ = −2xy, y(0) = 1.
 Ans: y = e−x2
 .
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 Change of variable
 In many cases, a change of variable is needed in order to transform the
 equation into a separable equation. For example, the equation y′ = f(yx)
 can be reduced to a separable equation by letting u = yx , i.e. y = xu. So
 f(u) = y′ = u + xu′,du
 f(u)− u=
 dx
 x.
 Example. (1) 2xyy′ + x2 − y2 = 0. Ans: x2 + y2 = cx.
 (2) y′ =x + y
 x− y.
 (3) y′ = (x− y)3.
 (4) y′ = sin(x + y). Ans: (x + c)(1 + tanx + y
 2) = −2.

Page 8
                        

8
 Example: equations in the form
 y′ =a1x + b1y + c1
 a2x + b2y + c2.
 One strategy: find x0, y0 such that
 a1x0 + b1y0 = c1 and a2x0 + b2y0 = c2. (∗)
 Example:
 y′ =x + 2y + 1
 x− y − 1.
 What if (∗) has no solution? For example:
 y′ =2x− 2y + 1
 x− y − 1.
 Indeed, it may be easier to find an ”integrating factor” (see next section).
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 §1.2. Exact Equations, Integrating Factors (Sec 8,9, Ch 1.5)
 1. Exact equations.
 We can write a first order ODE in the follow form
 M(x, y) + N(x, y)y′ = 0 ( or M(x, y)dx + N(x, y)dy = 0). 1.2.1
 (1.2.1) is called exact if there exists a function u : R2 → R such that
 du
 dx=
 ∂u
 ∂x+
 ∂u
 ∂y
 dy
 dx= M(x, y) + N(x, y)y′
 or M(x, y)dx + N(x, y)dy = du =∂u
 ∂xdx +
 ∂u
 ∂ydy.
 Once (1.2.1) is exact, the general solution is given by
 u(x, y) = c.
 Theorem 1.1 Assume M and N together with their first partial deriva-
 tives are continuous in the rectangle S: |x − x0| < a, |y − y0| < b. A
 necessary and sufficient condition for (1.2.1) to be exact is
 ∂M
 ∂y=
 ∂N
 ∂xin S. 1.2.2
 When (1.2.2) is satisfied, a general solution of (1.2.1) is given by u(x, y) = c,
 where
 u(x, y) =∫ x
 x0
 M(s, y)ds +∫ y
 y0
 N(x0, t)dt 1.2.3
 and c is an arbitrary constant.
 Example(y2 + x)dy + (x2 + y)dx = 0.
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 Example. (x3 + 3xy2)dx + (3x2y + y3)dy = 0.
 Ans: x4 + 6x2y2 + y4 = c.
 Exercises y2 cos xy2 + (2xy cos xy2)y′ = 0 ; y + xy′ = 0; exy + exy′ = 0.
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 2. Integrating factors.
 A non-zero function µ(x, y) is an integrating factor of (1.2.1) if the equiv-
 alent differential equation
 µ(x, y)M(x, y)dx + µ(x, y)N(x, y)dy = 0 1.2.4
 is exact.
 If µ is an integrating factor of (1.2.1) then (µM)y = (µN)x, that is,
 Nµx −Mµy = µ(My −Nx). 1.2.5
 One may look for an integrating factor of the form µ = µ(v), where v is
 a known function of x and y. Plugging into (1.2.5) we find
 1
 µ
 dµ
 dv=
 My −Nx
 Nvx −Mvy. 1.2.6
 If My−Nx
 Nvx−Mvyis a function of v, say, φ(v), then
 µ = e∫
 φ(v)dv
 is an integrating factor of (1.2.1).
 (*) In particular, if My−Nx
 N is a function of x, say, φ1(x), i.e., My−Nx
 N = φ1(x),
 then e∫
 φ1(x)dx is an integrating factor of (1.2.1).
 (*) Next, if −My−Nx
 M is a function of y, say, φ2(y), i.e., −My−Nx
 M = φ2(x),
 then e∫
 φ2(y)dy is an integrating factor of (1.2.1).
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 (*) Finally if My−Nx
 yN−xM = φ3(xy), then e∫ xy
 φ3(v)dv is an integrating factor of
 (1.2.1).
 Example(1) xdy− ydx = 0, (2) (x2 + y2 + x) + xyy′ = 0, (3) y2dx + (x2−3xy − y2)dy = 0.
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 §1.3. (Other) first Order Equations (sec 10, ch 1.4)
 1. First order linear differential equations.
 A first order homogeneous linear equation is in the form
 y′ + p(x)y = 0, 1.3.1
 where p(x) is a continuous function on an interval J .
 Example. (1) y′ − y = e2x, (2) y′ − 2y = e2x/(1 + e2x).
 Ans: (1) y = cex + e2x.
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 2. Bernoulli equation.
 An ODE in the form
 y′ + p(x)y = q(x)yn, 1.3.5
 where n 6= 0, 1, is called Bernoulli equation. The functions p(x) and q(x)
 are continuous functions on an interval J .
 Let u = y1−n. Substituting into (1.3.5) we get
 u′ + (1− n)p(x)u = (1− n)q(x). 1.3.6
 This is a linear equation of order 1.
 Example(1) y′ + xy = y2, (2) xy′ + y = x4y3
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 3. Riccati equation.
 An ODE of the form
 y′ = P (x) + Q(x)y + R(x)y2 1.3.7
 is called Riccati equation. The functions P (x), Q(x), R(x) are continuous
 on an interval J . In general, a Riccati equation can not be solved by a
 sequence of integrations. However, if a particular solution is known, then
 (1.3.7) can be reduced to a linear equation, and thus is solvable.
 If P (x) = 0, then it is Bernoulli!
 Exampley′ = y/x + x3y2 − x5. Key step: observe y = x is a solution.
 Let y = x = z.
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 §1.4. First Order Implicit Equations (sec 11, ch 3.4)
 In the above we discussed first order explicit equations, that is, equations
 in the form y′ = f(x, y). In this section we discuss solution of some first
 order explicit equations
 F (x, y, y′) = 0 1.4.1
 which are not solvable in y′.
 1. Method of differentiation.
 Consider an equations solvable in y:
 y = f(x, y′). 1.4.2
 Let p = y′. Differentiating y = f(x, p) we get
 [fx(x, p)− p]dx + fp(x, p)dp = 0. 1.4.3
 This is a first order explicit equation in x and p. If p = φ(x) is a solution
 of (1.4.3), then
 y = f(x, φ(x))
 is a solution of (1.4.2).
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 Example. y = (y′)2; y = (y′)2 + xy′ Remark: Check your answer!
 Differentiation will produce more solutions than the original equation!

Page 18
                        

18
 2. Method of parameterization.
 This method can be used to solve equations where either x or y is missing.
 Consider
 F (y, y′) = 0, 1.4.5
 where x is missing. Let p = y′ and write (1.4.5) as
 F (y, p) = 0.
 It determines a family of curves in yp plane. Let y = g(t), p = h(t) be one
 of the curves, that is, F (g(t), h(t)) = 0. Note that
 dx
 dt=
 dy
 dt/dy
 dx=
 g′(t)h(t)
 .
 The solutions of (1.4.5.) are given by
 x =∫ g′(t)
 h(t)dt, y = g(t).
 This method can also be applied to the equations
 F (x, y′) = 0,
 where y is missing.
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 Example y(1 + (y′)2) = 2; x(1 + (y′)2) = 2.
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 3. Reduction of order.
 Consider the equation
 F (x, y′, y′′) = 0, 1.4.6
 where y is missing. Let p = y′. Then y′′ = p′. Write (1.4.6) as
 F (x, p, p′) = 0. 1.4.7
 It is a first order equation in x and p. I
 Example (1) y′′ + y′ = x, (2) y′′ − 2xy′ = ex.
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 Consider the equation
 F (y, y′, y′′) = 0, 1.4.8
 where x is missing. Let p = y′. Then y′′ = dpdx = dp
 dydydx = dp
 dyp. Write (1.4.8)
 as
 F (y, p, pdp
 dy) = 0. 1.4.9
 It is a first order equation in y and p.
 Example (1) y′′ + y = 0, (2) y′′ + yy′ = 0.



						
LOAD MORE                    

                                    


                
                    
                    
                                        
                

                

                        


                    

                                                    
                                ORDINARY DIFFERENTIAL EQUATIONS1 FIRST ORDER DIFFERENTIAL EQUATIONS 1 ... An ordinary diﬁerential equation is an equation relating an unknown function y(t) and some of the derivatives

                            

                                                    
                                CartanforBeginners: …jml/EDSpublic.pdfPreface Inthisbook,weusemovingframesandexteriordiﬁerentialsystemstostudy geometry and partial diﬁerential equations. These ideas originated

                            

                                                    
                                Chapter 7 Ordinary Diﬁerential Equationskestrel.nmt.edu/~rsonnenf/phys321/matlab/moler_odes.pdf · 6 Chapter 7. Ordinary Diﬁerential Equations Note that this works perfectly well

                            

                                                    
                                Ordinary Diﬀerential Equations

                            

                                                    
                                Ordinary Differential Equations Exam

                            

                                                    
                                Advanced Ordinary Differential Equations - …...Advanced Ordinary Differential Equations Third Edition Athanassios G. Kartsatos Advanced Ordinary Differential Equations Hindawi Publishing

                            

                                                    
                                Stochastic Diﬁerential Equations for Sticky Brownian …goran/skorokhod.pdf · Stochastic Diﬁerential Equations for Sticky Brownian Motion H. J. Engelbert & G. Peskir Stochastics

                            

                                                    
                                Series solutions of ordinary diﬁerential equationsphylimhs/SeriesODE7.pdf · Series solutions of ordinary diﬁerential equations 1. ... Chebyshev (1 ¡ z2)y00 ¡zy0 + n2y ... equation,

                            

                                                    
                                Ordinary Differential Equations · 2019-02-12 · Ordinary Differential Equations Qualitative Theory Graduate Studies in Mathematics Volume 137. Ordinary Differential Equations Qualitative

                            

                                                    
                                Ordinary Differential Equations - CWIwillem/Coll_ODEs16/NotesODE16.pdf · Ordinary Differential Equations ... • G. Teschl, Ordinary Diﬀerential Equations and Dynamical Systems

                            

                                                    
                                Ordinary Differential Equations Solutions

                            

                                                    
                                Linear Systems of Diﬁerential · PDF file150 3. Linear Systems of Diﬁerential Equations Inx7wediscusstheFrenet-Serretequations, foracurveinthree-dimensional Euclidean space. These

                            

                                                    
                                Stochastic Diﬁerential Equations

                            

                                                    
                                Ordinary Differential Equations (Arnold)

                            

                                                    
                                Ordinary Differential Equations (ODEs)

                            

                                                    
                                Nonlinear Systems of Diﬁerential Equations Michael Taylor · 2 Nonlinear Systems of Diﬁerential Equations Michael Taylor Introduction This ﬂnal chapter brings to bear all the

                            

                                                    
                                Introduction to Partial Diﬁerential Equationsfaculty.uca.edu/weijiul/Math4315/PDE-notes.pdfIntroduction to Partial Diﬁerential Equations Weijiu Liu Department of Mathematics University

                            

                                                    
                                1 Ordinary Diﬀerential Equations - Applied mathematicsfass/472Notes.pdf · 1 Ordinary Diﬀerential Equations ... Important for ordinary diﬀerential equations is ... Note that

                            

                                                    
                                Well posedness results for a class of partial diﬁerential ... · Well posedness results for a class of partial diﬁerential equations with hysteresis arising in electromagnetism

                            

                                                    
                                Ordinary Differential Equations and Dynamical Systems · Ordinary diﬀerential equations and Dynamical Systems Gerald Teschl. ... introduction to ordinary diﬀerential equations

                            

                                                    
                                45731062 Ordinary Differential Equations

                            

                                                    
                                Ordinary differential equations

                            

                                                    
                                An Introduction to Partial Diﬁerential Equations and a ...blanki/Taiji7.pdf · An Introduction to Partial Diﬁerential Equations and a Problem from Composite Materials Ivan Blank

                            

                                                    
                                Nonlinear Systems of Diﬁerential Equations · Nonlinear Systems of Diﬁerential Equations ... Section 2 studies the smoothness of the solution to ... revolutionized the study of

                            

                                                    
                                Chapter 24 Simultaneous Systems of Diﬁerential Equationsweb.uvic.ca/~kumara/econ351/schap24.pdf · Chapter 24 Simultaneous Systems of Diﬁerential Equations We will learn how to

                            

                                                    
                                Handbook of Diﬁerential Equations 3rd edition - UMass …faculty.uml.edu/Dimitris_Christodoulou/Teaching/documents/handbook... · Handbook of Diﬁerential Equations 3rd edition

                            

                                                    
                                Numerical Solution of Delay Diﬁerential Equations - …thompson/RP/solvingddes.pdf · Numerical Solution of Delay Diﬁerential ... Numerical Solution of Delay Diﬁerential Equations

                            

                                                    
                                Introduction to Partial Diﬁerential EquationsIntroduction to Partial Diﬁerential Equations Weijiu Liu Department of Mathematics University of Central Arkansas 201 Donaghey Avenue,

                            

                                                    
                                Ordinary Differential Equations”: “

                            

                                                    
                                Ordinary Diﬁerential Equations - Strutture | UniTrentobagagiol/noteODE.pdf1 Introduction These are the notes of the 42-hours course \Ordinary Diﬁerential Equations" (\Equazioni

                            

                                                    
                                Ordinary Diﬁerential Equations - Babeș-Bolyai Universityemil.vinteler/infoaplicata/2 Ecuatii... · Ordinary Diﬁerential Equations ... is that readers who are unfamiliar with

                            

                                                    
                                Numerical Methods for Stiﬀ Ordinary Diﬀerential Equations · Chapter 2 Numerical Methods for Stiﬀ Ordinary Diﬀerential Equations 2.1 Stiﬀ Ordinary Diﬀerential Equations

                            

                                                    
                                Stochastic Diﬁerential Equationsdis.unal.edu.co/~gjhernandezp/sim/lectures/StochasticModels/SDE... · Stochastic Diﬁerential Equations An Introduction with Applications ... Some

                            

                        
                    

                                    

            

        

    

















    
        
            
                	About us
	Contact us
	Term
	DMCA
	Privacy Policy



                	English
	Français
	Español
	Deutsch


            

        

        
            
                Copyright © 2022 VDOKUMENTS

            

                            
                    	
	


                

                    

    









    


