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F. Palacios-Quiñonero A Nano-course on Maple Outline
 Outline
 Unit 1.1 Basic usage of Maple• Unit 1.2 More advance tools• Unit 2 Ordinary Differential Equations • Unit 3 ODEs: More advanced topics•
 Unit 1: Basic usage of Maple
 1.1 Basic usage of Maple 1.2 More advanced tool
 Command line, names, help1. Execution groups2. Symbolic computations3. Exact numbers4. Float computations5. User defined functions6. Graphics7.
 The modern Maple Worksheet1. Derivatives2. Integrals3. Equations4. Programming with Maple5. Piecewise functions6. Interpolation7. Example: An optimization problem8. draft
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F. Palacios-Quiñonero A Nano-course on Maple Outline
 Unit 2. Ordinary Differential Equations
 Outline
 A preliminary example1. Direction fields2. Numerical solutions3. Prime and dot derivative notations4. Second order ODEs5.
 Applications
 A1. Free fallA2. Free fall with frictionA3. Newton's Law of coolingA4. Mechanical oscillations
 draft
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F. Palacios-Quiñonero A Nano-course on Maple Outline
 Unit 3. ODEs: More advanced topics
 Outline
 ODE systems1. Laplace transform2. ODE solving using Laplace transforms3. Piecewise Excitations4. Event-driven simulations5.
 Applications
 A1 Two-tank problemA2 Mechanical vibrations: Laplace approachA3 Cooling problem with tabular inputA4 Dynamic damperA5 Parachute with timed openingA6 Oscillations with unidirectional springs
 Two-tank problemMechanical oscillations:
 Laplace transform approach Cooling problem with tabular input
 Dynamical damper
 Parachute with timed opening
 Unidirectional springs
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Scientific and Technical Computing with Maple
 Unit 1.1: Basic Usage of Maple
 Francesc Palacios-QuiñoneroDep. Matemàtica Aplicada III
 Universitat Politècnica de Catalunya, SpainVer. 1.0, August 2011
 This document has been composed using the Maple 15 Classic Worksheet
 Outline Command line, names, help
 Execution groups
 Symbolic computations
 Exact numbers
 Float computations
 User defined functions
 Graphics
 General summary
 Command line, names, helpback to Outline
 To execute the command line, it has to be ended with a semicolon ; and press [INTRO]> 1+1> Warning, (in -1)
 > 1+1;
 2To assign a name to an object, we use :=> a:=1;
 := a 1> b:=3;
 := b 3> a+b;
 4To avoid the result to be echoed, we end the command line with a colon :The symbol # can be used to comment a line> c:=1+5:#the result is not echoed> c+4;
 10The system is case sensitive
 1
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> A:=0.5;
 := A 0.5> a:=1.4;
 := a 1.4> A+a;
 1.9Enclosing an expression between right quotes avoids direct evaluation> c:='A+a';
 := c A a> c;
 1.9The evaluation of a clean name returns the name name. > s;
 sWe can clean a name by assigning the quoted name > a:='a';# now the name is clean
 := a aWe can also use the command unassing( ), the quoted name must be used to avoid premature evaluation> unassign('A');> A;#now A has no value
 AThe command restart cleans all the names> restart;> c;b;
 c
 bNames of Greek letters can be used as Maple names, they are displayed using the Greek alphabet > alpha:=3;
 beta:=4; theta:=alpha+beta;
 >
 := 3
 := 4
 := 7We can access the help system pressing [F1] or using the question mark ?
 Summary
 New Maple elements:
 - Execute command line [INTRO] - Ending command line with echo ; - Ending command line suppressing echo : - assigning values to a name :=
 2
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- Adding comments # - Cleaning names a:='a', unassign('a') - Cleaning everything, restoring default system values restart
 Greek letter names: alpha, beta, ...
 Quoted names as 'a' avoid premature evaluation.
 Accessing the help system: [F1], ?
 3
 draft
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Execution groupsback to Outline
 We can make a group of commands to execute together by writing them in the same execution group separated by semicolons.> a:=1;b:=3;c:=a+b;
 := a 1
 := b 3
 := c 4To improve readability, we can break the command line without executing the code pressing [SHIFT]+[INTRO] (simultaneously)> a;
 b; c:=a+b;
 1
 3
 := c 4To create an execution group after the current one, we use [Ctrl]+[j] (simultaneously). To create a group after the current one, we can use [Ctrl]+[k]. We use [Ctrl]+[t] to shift a text modeThe following group of commands computes the distance covered by a body moving with constant acceleration> e0:=14;#intial distance
 v0:=2; #intial velocity a:=-0.5;# acceleration t:=3; # time e:=e0+v0*t+1/2*a*t^2;# final distance
 := e0 14
 := v0 2
 := a -0.5
 := t 3
 := e 17.75000000
 Summary
 [SIFT]+[INTRO] breaks lines without executing
 [Ctrl]+[j] new execution group after the current one
 [Ctrl]+[k] new execution group before the current one
 [Ctrl]+[t] shifts to text mode
 Also
 [Ctrl]+[m] shifts to math mode
 [Ctrl]+[sup] deletes an execution group
 4
 draft
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Symbolic Computationsback to Outline
 Maple uses clean names as algebraic objects> x:=1;
 y:=2; p:=(x+y)^3;
 := x 1
 := y 2
 := p 27> x:='x';
 y:='y'; p:=(x+y)^3;
 := x x
 := y y
 := p ( )x y 3
 We use expand( ) to perform all the products, and factor( ) to factorize. We use simplify( ) as a general command for simplification.> p:=expand((x-1)*(x-2)*(x-3));
 := p x3 6 x2 11 x 6> q:=(x^2-4)/p;
 := qx2 4
 x3 6 x2 11 x 6> r:=simplify(q);
 := rx 2
 x2 4 x 3 Command simplify( ) also works with trigonometric expressions.> a:=sin(phi);
 b:=cos(phi); c:=a^2+b^2; c1:=simplify(c);
 := a ( )sin := b ( )cos
 := c ( )sin 2 ( )cos 2
 := c1 1Partial fraction decomposition> r1:=convert(r,parfrac);
 := r1 3
 2 ( )x 1
 5
 2 ( )x 3We use eval( ) to evaluate symbolic expressions without assigning values to the algebraic variables> f:=x+y;# f is an algebraic object
 5
 draft
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:= f x y> x:=1;y:=3;#now x,y,f contain numerical values
 f;
 := x 1
 := y 3
 4> x:='x';
 y:='y'; f:=x^2+2*y+z; v:=eval(f,x=1);
 := x x
 := y y
 := f x2 2 y z
 := v 1 2 y zNote that we use = to indicate the substitutions (not :=). After using eval( ), x and y remain unassigned and are algebraic variables.The algebraic expression f also remains unchanged.> x;
 y; f;
 x
 y
 x2 2 y zIt is also possible to perform multiple evaluations. We use [ ] to group together several objects.> v2:=eval(f,[x=1,y=3]);
 := v2 7 zWe can also perform symbolic substitutions with eval( )> s:='s';r:='r';
 f; v3:=eval(f,x=s+r); v4:=eval(f,{x=s+r,z=s^2}); v5:=expand(v4);
 := s s
 := r r
 x2 2 y z
 := v3 ( )s r 2 2 y z
 := v4 ( )s r 2 2 y s2
 := v5 2 s2 2 s r r2 2 y
 2 s2 2 s r r2 2 y
 Summary
 Command expand( ), distributes products over sums.
 6
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Command factor( ), factorizes.
 Command simplify( ), general simplification.
 Command convert( f, parfrac), partial fraction decomposition
 Command eval( expression, var=value), evaluation of symbolic expressions, and symbolic substitution.
 7
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Exact numbersback to Outline
 Exact numbers are operated without rounding. Integers are exact numbers.> a:=12;
 b:=32; c:=a/b; d:=2/3+1/2;
 := a 12
 := b 32
 := c3
 8
 := d7
 6Functions on exact numbers produce exact numbers> a:=sqrt(3);
 b:=(a+1)^2; c:=expand(b);
 := a 3
 := b ( )3 12
 := c 4 2 3> a:=sin(3);
 b:=cos(3); c:=(a+b)^2; c1:=expand(c); simplify(c1);
 := a ( )sin 3
 := b ( )cos 3
 := c ( )( )sin 3 ( )cos 3 2
 := c1 ( )sin 3 2 2 ( )sin 3 ( )cos 3 ( )cos 3 2
 1 2 ( )sin 3 ( )cos 3We can use integers of arbitrary size> a:=2^40;
 b:=6^100; c:=a/b;
 := a 1099511627776
 b 65331862350007090609669026715805782053714371047295487154307196636949\ :=
 7141477376
 := c1
 594189826642896974678197027204130627557918806335651308057160318976We use ifactor( ) to perform a decomposition of an integer number in prime factors
 8
 draft
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> a:=123456123456123456123456;
 := a 123456123456123456123456> b:=ifactor(a);
 := b ( ) 2 6 ( ) 3 ( ) 73 ( ) 101 ( ) 137 ( ) 643 ( ) 99990001 ( ) 9901> expand(b);
 123456123456123456123456The number is Pi, and the number e is exp(1) > sin(Pi/4);
 arcsin(1); b:=exp(1); log(b);
 2
 2
 2
 := b e
 1Important: pi is the Greek letter , PI is the capital Greek letter . None of them represent the number .> cos(Pi/3);# Pi is a number
 cos(pi/3);# pi is a greek letter
 1
 2
 cos
 3
 Summary
 Integers can have arbitrary size
 Commands expand( ) and factor( ) also work with exact numeric expressions
 Command ifcactor( ) factorizes integers
 Pi is the Maple name for number
 Number e is exp(1)
 9
 draft
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Float computationsback to Outline
 We can get float approximations of exact values with evalf( )> a:=sqrt(2);
 := a 2> af:=evalf(a);
 := af 1.414213562By default, Maple uses ten-digit floats. Command float(value, n) produces a n-digit approximation. > af:=evalf(a,100);
 af 1.414213562373095048801688724209698078569671875376948073176679737990\ :=
 732478462107038850387534327641573Normally, float results are obtained for functions with float arguments> sin(2);
 ( )sin 2> sin(2.);
 0.9092974268The system variable Digits sets the number of digits for floats. By default, the value of Digits is 10.> Digits;
 10> cos(2.);
 -0.4161468365We can change the number of digits for all the float computations by assigning new value to Digits> Digits:=50;#now all float computations are carried out with
 50 digits
 := Digits 50> cos(2.);
 -0.41614683654714238699756822950076218976600077107554Command restart sets the system variable Digits back to its default value.> restart;> cos(2.);
 -0.4161468365
 Summary
 Command evalf( ) produces float evaluation.
 Command evalf(v, n) produces a n-digit float evaluation.
 System variable Digits sets the number of digits of the float computation engine.
 Command restart sets Digits to 10.
 10
 draft
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User-defined functionsback to Outline
 User functions can be defined using the functional operator -> > f:=x->x^2+cos(x);
 := f x x2 ( )cos xUser functions can be evaluated in the form f(a)> f(3);
 9 ( )cos 3User functions admit exact and float arguments, they also admit symbolic arguments.> f(2);
 4 ( )cos 2> f(2.);
 3.583853164> f(a);
 a2 ( )cos aUser functions with several arguments can also be defined.> g:=(x,y)->x^2+y-1;
 := g ( ),x y x2 y 1> g(2,8);
 11Variables used in function definitions are local variables which are not affected by the existence of global variables with the same name.> x:=34;
 := x 34> f:=x->x*cos(x);
 := f x x ( )cos x> f(3);
 3 ( )cos 3Functions admit arithmetic operations. Function composition can be made using @> f1:=x->x*sin(x);
 f2:=t->t*exp(t);
 := f1 x x ( )sin x
 := f2 t t et
 > h1:=f1+f2; h1(a);
 := h1 f1 f2
 a ( )sin a a ea
 > h2:=f1^f2;
 := h2 f1f2
 > h2(2);
 11
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( )2 ( )sin 2( )2 e
 2
 > h2(2.);
 6892.981731> h3:=f1@f2;
 := h3 @f1 f2> h3(a);
 a ea ( )sin a ea
 Note: It is important to distinguish clearly between inert algebraic expressions and functions.To evaluate an algebraic expression, we have to use eval( )> x:='x';
 := x x> f:=x^2+1;#this is an inert algebraic expression
 := f x2 1> f(3);#this does not work
 ( )x 3 2 1> v:=eval(f,x=3);
 := v 10A function can be evaluated in the form f(argument)> g:=x->x+x^3;
 := g x x x3
 > g(3);
 30To build a user function from an algebraic expression, we use the command unapply( )> f:=x^2+1;#this is an inert algebraic expression
 := f x2 1> h:=unapply(f,x);# h is a function which evaluates f
 := h x x2 1> h(4);
 17
 Summary
 Functional operator ->
 User functions can be evaluated using the syntax f(a)
 User functions admit exact numbers, float, and symbolic arguments
 Function composition operator @
 A user function can be defined from an existing algebraic expression using unapply( )
 12
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Graphicsback to Outline
 Plot of a single expression> f:=sin(x)/x;
 := f( )sin x
 x> plot(f);
 To set the variable range, we use x=a..b> plot(f,x=0..6);
 An optional range can also be specified for the dependent variable.> f:=1/x^2;
 := f1
 x2
 > plot(f);
 13
 draft
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The presence of a vertical asymptote in x=0 produces y-values too large> plot(f,x=-3..3,y=0..4);
 Additional options are color and thickness> plot(f,x=-3..3,y=0..4,color=blue,thickness=3);
 We can plot together several expressions > f1:=cos(x);
 f2:=x^2; plot([f1,f2],x=-2..2,color=[red,blue]);
 := f1 ( )cos x
 := f2 x2
 14
 draft
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When plotting user functions, a clean variable has to be past to the function to obtain an algebraic expression> f:=x->x^4-3*x^3+x^2-1;
 := f x x4 3 x3 x2 1> plot(f(x),x=-3..5,y=-6..4);
 Clean names are needed for plotting> f:=x^2+1;
 := f x2 1> x:=1;
 := x 1x is no longer a clean name, this produces an error when plotting> plot(f,x=-2..2);Error, (in plot) unexpected option: 1 = -2 .. 2
 Using quoted variables avoids premature evaluation and solves the problem. > plot(f,'x'=-2..2);
 15
 draft
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> Note: Now we have no plotting errors; however, after the global assignment x:=1, the name f contains the numerical value 2. As mentioned before, it is preferable to avoid global assignments and making local evaluations using eval(f, x=1)
 Summary
 Variable range x=a..b Note that an equal sign is used to indicate variable ranges
 Plotting a single expression plot(f, x=a..b)
 Indicating y-range plot(f, x=a..b, y=c..d)
 Setting color plot(f, x=a..b, color=blue)
 Setting thickness plot(f, x=a..b, thickness=3)
 Multiple plot plot([f, g], x=a..b)
 piloting user function plot(f(x), x=a..b)
 16
 draft
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Page 17
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 Scientific and Technical Computing with Maple
 Unit 2: More advanced toolsFrancesc Palacios-Quiñonero
 Dept. Matemàtica Aplicada IIIUniversitat Politècnica de Catalunya, Spain
 Ver. 1.1 Feburary, 2012
 This document has been composed with the Maple 15 worksheet
 Outline
 The modern Maple Worksheet1. Derivatives2. Integrals3. Equations4. Programming with Maple5. Piecewise functions6. Interpolation7. Example: an optimization problem8.
 The modern Maple worksheetThe modern Maple Worksheet is more flexible than the classical Maple Worksheet. Semicolons can be omitted in single line sets of commands.
 restart1C1
 2
 However, semicolons are needed in multi-line sets of commands.a d 1;b d 1;c d aCb;
 a := 1b := 1c := 2
 Also, a nice 2D mathematical display can be used, both for the inputs and outputs.
 x cos x dx
 cos x Cx sin x
 A space is understood as implicit multiplications in algebraic expressions. And a large variety actions can be selected by right-clicking an expression
 sin x cos w xsin x cos w x
 eval sin x * cos w * x , w = 1, x = 5sin 5 cos 5
 evalf 10 sin 5 * cos 5 K0.2720105555
 int sin x * cos w * x , x
 K12
 cos 1Cw x
 1CwC
 12
 cos K1Cw x
 K1Cw
 expand K 1 / 2 * cos 1Cw * x / 1Cw C 1 / 2 * cos K1Cw * x / K1Cw
 draft
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F. Palacios-Quiñonero A Maple nano-course Unit 1.2: More advanced tools
 Page 18
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 K12
 cos x cos w x
 1CwC
 12
 sin x sin w x
 1CwC
 12
 cos x cos w x
 K1Cw
 C12
 sin x sin w x
 K1Cw
 simplify K 1 / 2 * cos x * cos w * x / 1Cw C 1 / 2 * sin x * sin w * x / 1Cw C 1/ 2 * cos x * cos w * x / K1Cw C 1 / 2 * sin x * sin w * x / K1Cw , 'trig'
 cos x cos w x Csin x sin w x w1Cw K1Cw
 If needed, the classical 1D mathematical notation can be selected pressing [Ctrl]-[m]. In this case, products must be explicitly indicated, and ending semicolons have to be included.f:=sin(x)*cos(x);
 f := sin x cos x
 int sin x * cos x , x
 K12
 cos x 2
 DerivativesBack to outlineCommand diff( f, x ) computes the partial derivative of f with respect to x
 f d x sin xf := x sin x
 df d diff f, x ;df := sin x Cx cos x
 Second order derivatives can be calculated with diff( f, x, x)df2 d diff f, x, x
 df2 := 2 cos x Kx sin x
 For higher order derivatives, we use the operator $x$4
 x, x, x, x
 Fourth derivativedf4 d diff f, x$4
 df4 := K4 cos x Cx sin x
 Maple can also do an inductive computation of the generic n-th derivativen d'n '
 n := n
 g d x exp xg := x ex
 dfn d diff g, x$ndfn := ex xCn
 Prime notation. Derivative with respect to x can be computed using the prime notation.f d x$sin x
 f := x sin x
 f'sin x Cx cos x
 f'''K3 sin x Kx cos x
 Dot notation. Derivatives with respect to t can be obtained using the dot notation. Press [Ctrl]+[Shift]+["] for quick introduction of the dot notation.
 draft
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F. Palacios-Quiñonero A Maple nano-course Unit 1.2: More advanced tools
 Page 19
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 y dsin t
 t
 y :=sin t
 t
 y1 d y.
 y1 :=cos t
 tK
 sin t
 t2
 y2 d y..
 y2 := Ksin t
 tK
 2 cos t
 t2C
 2 sin t
 t3
 The functional D( ) acts on a function and produces the derivative function.
 f d x/x2CxK1f := x/x2CxK1
 f 311
 df d D fdf := x/2 xC1
 df 37
 IntegralsBack to outlineThe command int( f, x ) computes a primitive of f with respect of x
 x d'x 'x := x
 f d x sin xf := x sin x
 F d int f, xF := sin x Kx cos x
 Definite integrals can be computed with int( f,x=a..b)
 f d x2
 f := x2
 v d int f, x = 0 ..1
 v :=13
 Symbolic limits of integration can also be used.a d'a '; b d'b ';
 a := ab := b
 v d int f, x = a ..b
 v :=13
 b3K13
 a3
 factor v
 K13
 aKb a2Ca bCb2
 Multiple integral are also possible. We can use [Ctrl]+[Space bar] after the command name forquick access to 2D math palettes.
 draft
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F. Palacios-Quiñonero A Maple nano-course Unit 1.2: More advanced tools
 Page 20
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 x d'x '; y d'y 'x := xy := y
 a
 b
 0
 y
 cos xCy dx dy
 Kcos a C12
 cos 2 a Ccos b K12
 cos 2 b
 When Maple cannot obtain an exact value, the integral is returned unevaluated. In this case, a float approximation can be obtained with evalf( )
 f d sin x6Cxf := sin x6Cx
 v d int f, x = 0 ..1
 v :=0
 1
 sin x6Cx dx
 vf d evalf vvf := 0.5163377908
 Integrals can be included in user defined functionsf d sin 2 x
 f := sin 2 x
 F d t/int f, x = 0 ..t
 F := t/0
 t
 f dx
 F 112K
 12
 cos 2
 F 1.0.7080734183
 plot F x , f , x = 0 ..Pi2
 , color = red, blue , gridlines
 x
 π16
 π8
 3 π16
 π4
 5 π16
 3 π8
 7 π16
 π2
 00.20.40.60.8
 1
 EquationsBack to outlineExact and symbolic solving. Exact and symbolic equation solutions can be computed withsolve( )
 eq d 2 xC1 = 5
 draft
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F. Palacios-Quiñonero A Maple nano-course Unit 1.2: More advanced tools
 Page 21
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 eq := 2 xC1 = 5
 s d solve eqs := 2
 For equations f(x)=0, we can use the simplified form solve( f )
 f d x2C2 xK3f := x2C2 xK3
 s d solve fs := 1, K3
 We have obtained a sequence of solutions. To access the members of the sequence, we use s[1] and s[2]
 s 11
 s 2K3
 In 2D math mode, we can also use subindex notation. The underscore character can be used in 2D math mode for quick writing of subindexes.
 s1
 1
 s2
 K3
 When the equation contains more than one algebraic name, we can solve with respect to any of them.
 eq d a x2Cb x Cceq := a x2Cb xC2
 sxd solve eq, x
 sx :=12
 KbC b2K8 a
 a, K
 12
 bC b2K8 a
 a
 sa d solve eq, a
 sa := Kb xC2
 x2
 sb d solve eq, b
 sb := Ka x2C2
 x
 Numerical solutions. Numerical equation solving can be performed with fsolve( )
 eq d 2 x2Kcos x Kx3 = 0eq := 2 x2Kcos x Kx3 = 0
 This equation has no exact solutions.solve eq
 RootOf K2 _Z2Ccos _Z C_Z3
 We can obtain a numerical solution with fsolve( )s1 d fsolve eq
 s1 := 0.7643136487
 To investigate the existence of other roots in the interval [-5..5], we extract the equation left-hand-side with lhs( ), and make a plot over the interval
 f d lhs eqf := 2 x2Kcos x Kx3
 draft
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F. Palacios-Quiñonero A Maple nano-course Unit 1.2: More advanced tools
 Page 22
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 plot f, x =K1 ..3, y =K5 ..5
 xK1 0 1 2 3
 y
 K4
 K2
 2
 4
 We can see that fsolve( ) has produced the solution in the interval [0,1]. To obtain the other twosolutions, we can indicate the searching interval to fsolve( )
 s2 d fsolve eq, x =K1 ..0s2 := K0.5718170079
 s3 d fsolve eq, x = 2 ..3s3 := 2.115807256
 Solving Equations Systems. Commands solve( ) and fsolve( ) can also be used to solve equations systems.
 eq1 d x2Ky2 = 1eq1 := x2Ky2 = 1
 eq2 d x2Cy2 = 4eq2 := x2Cy2 = 4
 s d solve eq1, eq2s := x = RootOf 2 _Z2K5 , y = RootOf K3C2 _Z2
 The command allvalues( ) can be used to force full evaluation of the solutionss1 d allvalues s
 s1 := x =12
 10 , y =12
 6 , x =12
 10 , y =K12
 6 , x =K12
 10 , y =12
 6 ,
 x =K12
 10 , y =K12
 6
 Float evaluation can be obtained with evalf( )s1f d evalf s1
 s1f := x = 1.581138830, y = 1.224744872 , x = 1.581138830, y =K1.224744872 , x =K1.581138830, y = 1.224744872 , x =K1.581138830, y =K1.224744872
 Programming with MapleBack to outlineMaple has a complete and efficient programming language. The following program implements the Newton-Raphson method
 xjC1 = xjKf xj
 f ' xj
 to approximate a root of the equation f x = 0 near the initial value x0. In the program we use
 the equation cos x Kx2 = 0 and the initial value x0 = 0.5.
 plot cos x , x2 , x =K2 ..2, gridlines
 draft

Page 28
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 xK2 K1 0 1 2
 1
 2
 3
 4
 f d x/cos x Kx2; x0 d 0.6;
 n d 5; df d D f ; for j from 0 to nK1 do
 xjC1 d xjKf xj
 df xj;
 end do;f := x/cos x Kx2
 x0 := 0.6
 n := 5df := x/Ksin x K2 x
 x1 := 0.8636996570
 x2 := 0.8249691977
 x3 := 0.8241327057
 x4 := 0.8241323123
 x5 := 0.8241323123
 To check the solution, we can evaluate f x6
 f x6
 cos x6 Kx62
 We can also compare x6 with the result provided by fsolve( )
 fsolve f x , x = 0 ..10.8241323123
 Piecewise expressionsBack to outlineWe can define piecewise expressions with piecewise( )
 f d piecewise x ! 0, x, x ! 2, 1K x2,K3
 f :=
 x x ! 0
 1Kx2 x ! 2
 K3 otherwise
 plot f, x =K1 ..4
 draft
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 xK1 1 2 3 4
 K3
 K2
 K1
 1
 Piecewise expressions can be converted into user functions using unapply( )g d unapply f, x
 g := x/piecewise x ! 0, x, x ! 2, 1Kx2, K3
 g K2 , g 1 , g 4K2, 0, K3
 Note the following symbolic evaluations g a
 a a ! 0
 1Ka2 a ! 2
 K3 otherwise
 g a assuming a O 2K3
 Piecewise expressions can be entered in 2D math mode using the expressions palette, or writing piecewise in the command line and pressing [Ctrl]+[Space bar] for command completion.
 •
 In 2D Math mode, [Ctrl]+[Shift]+[R] can be use to add new rows to thepiecewise definition.
 •
 f d
 x x ! 0
 x2 x ! 2
 4 otherwise
 f :=
 x x ! 0
 x2 x ! 2
 4 otherwise
 plot f
 xK10 K5 5 10
 K10K8K6K4K2
 24
 Piecewise expressions can be differentiated and integrated in the usual way. Note that a continuous antiderivative is computed by int( )
 draft
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 F d int f, x
 F :=
 12
 x2 x % 0
 13
 x3 x % 2
 4 xK163
 2 ! x
 plot F
 xK10 K5 0 5 10
 1020
 304050
 Derivatives are computed with diff( )df d diff f, x
 df :=
 1 x ! 0
 undefined x = 0
 2 x x ! 2
 undefined x = 2
 0 2 ! x
 plot df, x =K4 ..4, thickness = 2
 xK4 K3 K2 K1 0 1 2 3 4
 1
 2
 3
 Arithmetic operations involving piecewise expressions can be carried out using convert ( expression, piecewise)
 g d piecewise x !KPi2
 , sin x , x % 2, cos x , x
 g :=
 sin x x !K12
 π
 cos x x % 2
 x otherwise
 draft
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 plot g, x =K2 ..6, gridlines
 xK2 K1 1 2 3 4 5 6K1
 123456
 f1 d fCx2
 f1 :=
 x x ! 0
 x2 x ! 2
 4 otherwise
 Cx2
 f2 d convert f1, piecewise
 f2 :=
 x2Cx x ! 0
 2 x2 x ! 2
 x2C4 2 % x
 A more exciting example is the addition of two piecewise expressions.h d fCg
 h :=
 x x ! 0
 x2 x ! 2
 4 otherwise
 C
 sin x x !K12
 π
 cos x x % 2
 x otherwise
 h2 d convert h, piecewise
 h2 :=
 xCsin x x !K12
 π
 xCcos x x ! 0
 x2Ccos x x % 2
 4Cx 2 ! x
 plot h2, gridlines
 x
 K2 πK
 3 π2
 Kπ π2
 π 3 π2
 2 π
 K6
 K2
 2
 6
 10
 draft
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 InterpolationBack to outline
 Polynomial interpolationInterpolation polynomials can be obtained with interp(xlist, ylist, var)Next, we compute the interpolation polynomial of the points
 P0 = 0, 1 , P1 = 1, 3 , P2 = 2, 4 , P3 = 3,K1
 xx d 0, 1, 2, 3xx := 0, 1, 2, 3
 yy d 1, 3, 4,K1yy := 1, 3, 4, K1
 p d interp xx, yy, x
 p := 2 x2C56
 xK56
 x3C1
 We can check that polynomial p passes though the given points with eval( )eval p, x = 0 , eval p, x = 1 , eval p, x = 2 , eval p, x = 3
 1, 3, 4, K1
 However, if we need evaluate p for several x values, it is better to define a user functionf d unapply p, x
 f := x/2 x2C56
 xK56
 x3C1
 Now, we can use the functional notation f(x) to evaluate the polynomialf 0 , f 1 , f 2 , f 3
 1, 3, 4, K1
 Even better is to use the powerful command map(functio_name, list) which applies a function on the elements of a list. Note that only the function name must be included in themap( ) call.
 map f, xx1, 3, 4, K1
 Using interpolation polynomials to approximate definite integrals
 Below, we compute a 6 point interpolation polynomial for f x = eK
 x2
 2 in the interval [0,1] and use it to approximate the value
 v =
 0
 1
 eK
 x2
 2 dx.
 First, we use the command seq( ), to generate the x-values, and the command map( ) to compute the y-values.
 xlistd seq j$0.2, j = 0 ..5xlist := 0., 0.2, 0.4, 0.6, 0.8, 1.0
 f d x/exp Kx2
 2
 f := x/eK
 12
 x2
 ylistd map f, xlistylist := 1., 0.9801986733, 0.9231163464, 0.8352702114, 0.7261490371, 0.6065306597
 p d interp xlist, ylist, x
 draft
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 p := K0.04381534636 x5C0.1650155026 x4K0.01842842138 x3K0.4959019489 x2
 K0.00033912634 xC1.
 plot f x , p , x =K2 ..3, color = red, blue
 xK2 K1 0 1 2 3
 K1
 1
 2
 3
 Integral approximated value using the interpolation polynomial.vp d int p, x = 0 ..1
 vp := 0.8556232246
 Exact valuev d int f x , x = 0 ..1
 v :=12
 erf12
 2 π 2
 Float evaluation of the exact valuevf d evalf v
 vf := 0.8556243915
 Absolute, and relative errorAbserd vfKvp;
 RelerdAbser
 vfAbser := 0.0000011669
 Reler := 0.000001363799363
 SplinesInterpolating splines can be computed with Spline( xlist, ylist, var). The libraryCurveFitting has to be loaded previously with the command with(lib_name). By default,Spline( ) computes cubic splines.
 with CurveFittingArrayInterpolation, BSpline, BSplineCurve, Interactive, LeastSquares,
 PolynomialInterpolation, RationalInterpolation, Spline, ThieleInterpolation
 We take the same function and points as in the previous example.
 f d x/exp Kx2
 2;
 a d 0;b d 1;n d 5;
 h dbKa
 n;
 draft
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 xlistd seq j$h, j = 0 ..n ;ylistd map f, xlist ; # float valuesxlistf d evalf xlist ;ylistf d evalf ylist ;
 f := x/eK
 12
 x2
 a := 0b := 1n := 5
 h :=15
 xlist := 0,15
 ,25
 ,35
 ,45
 , 1
 ylist := 1, eK
 150 , e
 K225 , e
 K950 , e
 K825 , e
 K12
 xlistf := 0., 0.2000000000, 0.4000000000, 0.6000000000, 0.8000000000, 1.ylistf := 1., 0.9801986733, 0.9231163464, 0.8352702114, 0.7261490371, 0.6065306597
 Now, we compute the spline. We have used an ending colon to suppress the output.s d Spline xlistf, ylistf, x :
 To obtain a representation of the spline that fits in the page, we compute a four-digit approximation.
 s4 d evalf s, 4
 s4 :=
 1.K0.05832 xK1.017 x3 x ! 0.2000
 1.016K0.1804 xK0.6104 xK0.2000 2C0.4262 xK0.2000 3 x ! 0.4000
 1.072K0.3734 xK0.3546 xK0.4000 2C0.1269 xK0.4000 3 x ! 0.6000
 1.135K0.5000 xK0.2785 xK0.6000 2C0.2521 xK0.6000 3 x ! 0.8000
 1.191K0.5811 xK0.1272 xK0.8000 2C0.2120 xK0.8000 3 otherwise
 Commands like expand( ) work properly on piecewise expressions.expand s4
 1.K0.05832 xK1.017 x3 x ! 0.2000
 0.9881744000C0.1149040000 xK0.86612000 x2C0.4262 x3 x ! 0.4000
 1.007142400K0.0288080000 xK0.50688000 x2C0.1269 x3 x ! 0.6000
 0.9802864000C0.1064680000 xK0.73228000 x2C0.2521 x3 x ! 0.8000
 1.001048000C0.0294600000 xK0.63600000 x2C0.2120 x3 otherwise
 plot f x , s , x =K1 ..3, color = red, blue , legend = function, spline
 draft
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 function splinex
 K1 0 1 2 3
 0.2
 0.6
 1.0
 1.6
 2.0
 Approximation of the integral value using the computed spline. The approximate value is vs.
 v d int f x , x = 0 ..1 ; vf d evalf v ; vsd int s, x = 0 ..1 ; Abserd vsKvf;
 v :=12
 erf12
 2 π 2
 vf := 0.8556243915vs := 0.8554274425
 Abser := K0.0001969490
 draft
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 > >
 Example: An classical optimization problemBack to outline
 r
 h
 Goal: To design a cylindrical recipient with a given volume and a minimum cost of material.
 Volume: V = π r2h.•
 Basis area: Ab = π r2•
 Top area: At = π r2• Wall area: Al = 2 π r h•
 NotationsCb, unitary cost of the basis material (in €/cm2).Ct, unitary cost of the top material (in €/cm2).Cl, unitary cost of the wall material (in €/cm2).Vo, required volume (in cm3).
 The optimization problem can be state as follows:
 minimize f r, h = CbCCt π r2CCl π r h ,
 with the constraints π r2h = Vo, h O 0, r O 0.
 Numerical solution for particular problemsIn this section, we solve the problem corresponding to the particular values
 Cb=0.01 €/cm2.Ct=0.02 €/cm2.Cl=0.005 €/cm2.Vo=330 cm3.
 restartWe begin by writing an expression for the objective function
 f d Cb π r2CCt π r2CCl π r h
 f := Cb π r2CCt π r2CCl π r h
 and the volume constraint
 vol d π r2 h = Vo
 vol := π r2 h = Vo
 Particular values for al the parameterspvals d Cb = 0.01, Ct = 0.02, Cl = 0.005, Vo = 330
 pvals := Cb = 0.01, Ct = 0.02, Cl = 0.005, Vo = 330
 Particular objective function and constraintfp d eval f, pvals
 fp := 0.03 π r2C0.005 π r h
 draft
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 > >
 > >
 > >
 > >
 volp d eval vol, pvalsvolp := π r2 h = 330
 We can solve this particular problem with the command Minimize( ) included in the libraryOptimization( )
 with OptimizationImportMPS, Interactive, LPSolve, LSSolve, Maximize, Minimize, NLPSolve, QPSolve
 sol d Minimize fp, volpsol := 1.20092051242197195, h = 24.7310289865996, r = 2.06091908187212
 The minimum cost is Cmin d sol 1
 Cmin := 1.20092051242197195
 And the optimal dimensions areDopt d sol 2
 Dopt := h = 24.7310289865996, r = 2.06091908187212
 Let us check that the dimensions satisfy the volume constraintcheck d eval volp, Dopt
 check := 105.042262440651 π = 330
 evalf check330.000000043089 = 330.
 The result is quite satisfactory, if a grater accuracy is needed, we can increase the number ofdigits with Digits
 Digits d 20Digits := 20
 sol2 d Minimize fp, volp ;
 sol2 := 1.2009205124219721039, h = 24.731028986599654181, r= 2.0609190818721204929
 Dopt2 d sol2 2 ;Dopt2 := h = 24.731028986599654181, r = 2.0609190818721204929
 check d eval volp, Dopt2 ; evalf check ;
 check := 105.04226244065091630 π = 330
 329.99999999999998333 = 330.
 The optimal design is a recipient 24.7 cm high with a basis radius of 2.1cm.A well organized execution group is excellent to explore other designs. We can also include the command Digits to control the number of digits.
 restart;with Optimization :Digits d 10;f d CbCCt π r2CCl π r h;
 vol d π r2 h = Vo; pvals d Cb = 0.01, Ct = 0.02, Cl = 0.005, Vo = 330 ;fp d eval f, pvals ;volp d eval vol, pvals ;sol d Minimize fp, volp ; Cmin d sol 1 ; Dopt d sol 2 ;
 Digits := 10
 f := CbCCt π r2CCl π r h
 draft
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 vol := π r2 h = Vo
 pvals := Cb = 0.01, Ct = 0.02, Cl = 0.005, Vo = 330
 fp := 0.03 π r2C0.005 π r h
 volp := π r2 h = 330
 sol := 1.20092051242197195, h = 24.7310289865996, r = 2.06091908187212Cmin := 1.20092051242197195
 Dopt := h = 24.7310289865996, r = 2.06091908187212
 If necessary, new constraints can be added, for example a minimum value for the basis radius, let's say r R 3 cm.
 Digits d 10;f d CbCCt π r2CCl π r h;
 vol d π r2 h = Vo; pvals d Cb = 0.01, Ct = 0.02, Cl = 0.005, Vo = 330 ;fp d eval f, pvals ;volp d eval vol, pvals ;sol d Minimize fp, volp, r R 3 ; Cmin2 d sol 1 ; Dopt2 d sol 2 ;
 Digits := 10
 f := CbCCt π r2CCl π r h
 vol := π r2 h = Vo
 pvals := Cb = 0.01, Ct = 0.02, Cl = 0.005, Vo = 330
 fp := 0.03 π r2C0.005 π r h
 volp := π r2 h = 330
 sol := 1.39823001646924404, h = 11.6713624934057, r = 3.Cmin2 := 1.39823001646924404
 Dopt2 := h = 11.6713624934057, r = 3.
 Symbolic solutionIn this section, we compute a symbolic solution for the optimization problem.We start with the expression of the objective function, and the volume constraint
 f d CbCCt π r2CCl π r h;
 vol d π r2 h = Vo;
 f := CbCCt π r2CCl π r h
 vol := π r2 h = Vo
 Next, we solve for h in the volume constraint.hr d solve vol, h
 hr :=Vo
 π r2
 And substitute it in the objective function to eliminate h. The new objective function fr only depends on r.
 fr d eval f, h = hr
 fr := CbCCt π r2CCl Vo
 r
 Now, we compute the first derivative with respect to the radius
 draft
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 fr1 d diff fr, r
 fr1 := 2 CbCCt π rKCl Vo
 r2
 And solve for critical pointsscpd solve fr1 = 0, r
 scp :=12
 41/3 Cl Vo π
 2 CbCCt 2 1/3
 π CbCCt, K
 14
 41/3 Cl Vo π
 2 CbCCt 2 1/3
 π CbCCt
 C
 14
 I 3 41/3 Cl Vo π2 CbCCt 2
 1/3
 π CbCCt, K
 14
 41/3 Cl Vo π
 2 CbCCt 2 1/3
 π CbCCt
 K
 14
 I 3 41/3 Cl Vo π2 CbCCt 2 1/3
 π CbCCt
 We have obtained a sequence with tree different solutions, two of which are complex (the Maple imaginary unit is I). We select the real one, which is the sequence's first element
 cp d scp 1
 cp :=12
 41/3 Cl Vo π
 2 CbCCt 2 1/3
 π CbCCt
 Now, we compute the second derivative and check for positivity to confirm that we have a relative minimum for r = cp
 fr2 d diff fr, r, r
 fr2 := 2 CbCCt πC 2 Cl Vo
 r3
 vcp2 d eval fr2, r = cpvcp2 := 6 CbCCt π
 An automatic test for positivity initially failsis vcp2, positive
 false
 But if we make some natural assumptions on Cb and Ct, then the positivity test does workis vcp2, positive assuming Cb O 0, Ct O 0
 true
 Finally, we substitute the critical point to obtain the optimal dimensions and the minimum value.First, we try to simplify the expression obtained for the critical value of r
 rop d simplify cp
 rop :=12
 22/3 Cl Vo CbCCt 2 1/3
 π1/3
 CbCCt
 We get better results making some natural assumptions on the parameterspassum d Vo O 0, Cb O 0, Ct O 0, Cl O 0
 passum := 0 !Vo, 0 !Cb, 0 !Ct, 0 !Cl
 ropt d simplify cp assuming passum
 ropt :=12
 22/3 Cl1/3 Vo1/3
 π1/3
 CbCCt 1/3
 Optimal value for hhopt d eval hr, r = ropt
 draft
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 hopt :=Vo1/3 CbCCt 2/3 22/3
 π1/3
 Cl2/3
 Optimal cost (symbolic)CminS d eval fr, r = ropt
 CminS :=32
 CbCCt 1/3 π1/3
 21/3 Cl2/3 Vo2/3
 Ratio optimal hight to optimal radiuts
 ratio dhoptcp
 ratio :=12
 Vo1/3 π
 2/3 CbCCt 5/3 22/3 42/3
 Cl2/3 Cl Vo π2 CbCCt 2 1/3
 simplify ratio2 Vo1/3 CbCCt 5/3
 Cl2/3 Cl Vo CbCCt 2 1/3
 simplify ratio assuming passum2 CbCCt
 Cl
 We can compare this results with those obtained in the previous section.pvals d Cb = 0.01, Ct = 0.02, Cl = 0.005, Vo = 330
 pvals := Cb = 0.01, Ct = 0.02, Cl = 0.005, Vo = 330
 R d eval cost = CminS, h = hopt, r = ropt , pvals
 R := cost = 0.01362840445 π1/3
 21/3 3302/3, h =3.301927249 3301/3 22/3
 π1/3 , r
 =0.2751606042 3301/3 22/3
 π1/3
 Rf d evalf RRf := cost = 1.200920513, h = 24.73102898, r = 2.060919083
 Values ontained in the previous section with the numerical minimization commandMinimize( )
 Cmin, Dopt1.20092051242197195, h = 24.7310289865996, r = 2.06091908187212
 Evaluation with tolerances.A nice example of the advantages associated to closed-form solutions is that we can use theTolerances library and compute our results with tolerances.
 with Tolerances&C-, `* ,̀ `C ,̀ `- ,̀ Ei, FresnelC, FresnelS, Fresnelf, Fresnelg, Γ, LambertW,
 NominalValue, Ψ, ToleranceValue, ζ, `^`, abs, arccos, arccosh, arccot, arccoth, arccsc,
 arccsch, arcsec, arcsech, arcsin, arcsinh, arctan, arctanh, cos, cosh, cot, coth, csc, csch,
 dilog, erf, erfc, exp, ln, sec, sech, sin, sinh, sqrt, tan, tanh
 unassign 'Cb ','Ct ','Cl ','Vo 'Cb d 0.01G0.001; Ct d 0.02 G0.001; Cl d 0.005 G0.0005; Vo d 330 G5;
 Cb := 0.0100 G 0.00100
 draft

Page 41
                        

F. Palacios-Quiñonero A Maple nano-course Unit 1.2: More advanced tools
 Page 36
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 Ct := 0.0200 G 0.00100Cl := 0.00500 G 0.000500
 Vo := 330. G 5.
 The command evalr( ) perfrom interval computations. ropt
 12
 22/3 0.00500 G 0.000500 1/3 330. G 5. 1/3
 π1/3
 0.0100 G 0.00100C0.0200 G 0.00100 1/3
 evalr ropt2.06 G 0.125
 Interval evaluation for the optimal radius, height and costroptTol d evalr ropt ;hoptTol d evalr hopt ;CminTol d evalr CminS ;
 roptTol := 2.06 G 0.125hoptTol := 24.9 G 2.89
 CminTol := 1.20 G 0.119
 We can use the command alias( ), to set shorter names for the commands NominalValue( ), and ToleranceValue( )
 alias Nv = NominalValue ; alias Tv = ToleranceValue ;
 NvNv, Tv
 Let's see our new command names in actionroptTol
 2.06 G 0.125
 evalf Nv roptTol2.062719653
 evalf Tv roptTol0.1251588409
 Relative error for the optimal radius (in %).
 evalfTv roptTolNv roptTol
 $100
 6.067661241
 User function to compute the relative error.
 RelErd x/evalfTv xNv x
 $100
 RelEr := x/evalf 100 Tv x Nv x K1
 Relative error for ClRelEr Cl
 10.00000000
 Relative error for the optimal hRelEr hoptTol
 11.59280293
 draft
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 Scientific and Technical Computing with Maple
 Unit 2: Ordinary Differential EquationsFrancesc Palacios-Quiñonero
 Dept. Matemàtica Aplicada IIIUniversitat Politècnica de Catalunya, Spain
 Ver. 1.3, February 2012
 This document has been composed with the Maple 15 worksheet
 Outline
 A preliminary example1.
 Direction fields2.
 Numerical solutions3.
 Prime and dot derivative notations4.
 Second order ODEs5.
 Applications
 A1. Free fall
 A2. Free fall with friction
 A3. Newton's Law of cooling
 A4. Mechanical oscillations
 1. A preliminary example
 We use the command diff(y(x),x) to write the derivative ddx
 y x . The differential equation
 ddx
 y x =K2 y x Cx2
 can be written as follows
 ode d diff y x , x =K2$y x Cx2
 ode :=ddx
 y x =K2 y x Cx2
 To obtain the exact solution, we use dsolve( )sol d dsolve ode, y x
 draft
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 sol := y x =14K
 12
 xC12
 x2CeK2 x _C1
 where _C1 represent the arbitrary integration constant. We use odetest( ) to check the obtained solution. If the solutions valid, odetest( ) returns 0
 odetest sol, ode0
 To solve an Initial Value Problem (IVP), we have to specify the initial conditions.solp d dsolve ode, y 0 = 2
 solp := y x =14K
 12
 xC12
 x2C74
 eK2 x
 In this case, odetest( ) will check for the solution and the initial condition, and [0,0] will be returned if they are both valid
 odetest solp, ode, y 0 = 2 , y x0, 0
 We use rhs( ) to extract the solutionf d rhs solp
 f :=14K
 12
 xC12
 x2C74
 eK2 x
 Now, we can easily evaluate and plot the solution v d eval f, x = 1 ;
 v :=14C
 74
 eK2
 vf d evalf v ;vf := 0.4868367456
 Float evaluations can be obtained directly using float argumentsv2 d eval f, x = 1.
 v2 := 0.4868367456
 Plots are obtained in the usual wayplot f, x = 0 ..1, y = 0 ..2, gridlines, color = blue, thickness = 2
 x0 0.2 0.4 0.6 0.8 1
 y
 0
 0.5
 1
 1.5
 2
 If convenient, we can also define a user function with unapply to evaluate the solution g d unapply f, x
 g := x/14K
 12
 xC12
 x2C74
 eK2 x
 g 1.0.4868367456
 Recall the use of seq( ) to compute lists of numbers, and map( ) to evaluate a function on a list.xList d seq 0.1$j, j = 0 ..5 ;
 xList := 0., 0.1, 0.2, 0.3, 0.4, 0.5
 yList d map g, xListyList := 2.000000000, 1.637778818, 1.343060080, 1.105420363, 0.9163256872,
 draft
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 0.7687890221
 IVP problems can have symbolic initial conditionsedo d diff y x , x =K2 y x Ccos x
 edo :=ddx
 y x =K2 y x Ccos x
 s d dsolve edo, y x
 s := y x =25
 cos x C15
 sin x CeK2 x _C1
 s1 d dsolve edo, y 0 = y0 , y x
 s1 := y x =25
 cos x C15
 sin x CeK2 x y0K25
 2. Direction fieldsBack to outlineFirst-order ODEs define direction fields, which can be easily plotted with the command DEplot( ) included in the library DEtools
 with DEtoolsAreSimilar, Closure, DEnormal, DEplot, DEplot3d, DEplot_polygon, DFactor,
 DFactorLCLM, DFactorsols, Dchangevar, Desingularize, FunctionDecomposition,GCRD, Gosper, Heunsols, Homomorphisms, IVPsol, IsHyperexponential, LCLM,MeijerGsols, MultiplicativeDecomposition, ODEInvariants, PDEchangecoords,PolynomialNormalForm, RationalCanonicalForm, ReduceHyperexp, RiemannPsols,Xchange, Xcommutator, Xgauge, Zeilberger, abelsol, adjoint, autonomous, bernoullisol,buildsol, buildsym, canoni, caseplot, casesplit, checkrank, chinisol, clairautsol,constcoeffsols, convertAlg, convertsys, dalembertsol, dcoeffs, de2diffop, dfieldplot,diff_table, diffop2de, dperiodic_sols, dpolyform, dsubs, eigenring,endomorphism_charpoly, equinv, eta_k, eulersols, exactsol, expsols, exterior_power, firint,firtest, formal_sol, gen_exp, generate_ic, genhomosol, gensys, hamilton_eqs,hypergeomsols, hyperode, indicialeq, infgen, initialdata, integrate_sols, intfactor,invariants, kovacicsols, leftdivision, liesol, line_int, linearsol, matrixDE, matrix_riccati,maxdimsystems, moser_reduce, muchange, mult, mutest, newton_polygon, normalG2,ode_int_y, ode_y1, odeadvisor, odepde, parametricsol, particularsol, phaseportrait,poincare, polysols, power_equivalent, rational_equivalent, ratsols, redode, reduceOrder,reduce_order, regular_parts, regularsp, remove_RootOf, riccati_system, riccatisol,rifread, rifsimp, rightdivision, rtaylor, separablesol, singularities, solve_group,super_reduce, symgen, symmetric_power, symmetric_product, symtest, transinv, translate,untranslate, varparam, zoom
 ode d diff y x , x =K2$y x Cx2
 ode :=ddx
 y x =K2 y x Cx2
 DEplot ode, y x , x = 0 ..1, y =K2 ..2
 draft
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 x0.2 0.4 0.6 0.8 1
 y(x)
 K2
 K1
 1
 2
 If we add some initial conditions, DEplot draws the corresponding integral curvesDEplot ode, y x , x = 0 ..1, y =K2 ..2, y 0 = 1 , y 0 = 2 , y 0 =K1 , linecolor
 = red, blue, black
 x0.2 0.4 0.6 0.8 1
 y(x)
 K2
 K1
 1
 2
 Note the option linecolor, which has been used to assign colors to the integral curves. Other interesting DEplot( ) options are:
 color, sets the arrows' colorarrows, sets the arrows' size
 DEplot ode, y x , x = 0 ..1, y =K2 ..2, y 0 = 1 , y 0 = 2 , y 0 =K1 , linecolor= red, blue, black , arrows = medium, color = gray
 x0.2 0.4 0.6 0.8 1
 y(x)
 K2
 K1
 1
 2
 3. Numerical solutionsBack to outlineMost EDOs encountered in practice have no exact solution
 edo dddx
 y x =Kx2 y x Ccos x
 edo :=ddx
 y x =Kx2 y x Ccos x
 s d dsolve edo, y 0 = 1 , y x
 draft
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 > >
 > >
 s := y x = eK
 13
 x3
 0
 x
 cos _z1 e
 13
 _z13
 d_z1 CeK
 13
 x3
 In this case, a numerical solution can be obtained with the option numeric. The result provided by odeplot( ) under the option numeric is a procedure that implements a numerical method to approximate the solution of the ODE. By default, dsolve( ) implements the Runge-Kutta forward 45 method; if convenient, a variety of other numerical methods can be selected.
 sn d dsolve edo, y 0 = 1 , y x , numericsn := proc x_rkf45 ... end proc
 sn 1.2x = 1.2, y x = 1.14961123596730
 To draw a plot of the solution using the procedure provided by dsolve( ), we can use the command odeplot( ), included in the library plots
 with plotsanimate, animate3d, animatecurve, arrow, changecoords, complexplot, complexplot3d,
 conformal, conformal3d, contourplot, contourplot3d, coordplot, coordplot3d, densityplot,display, dualaxisplot, fieldplot, fieldplot3d, gradplot, gradplot3d, implicitplot,implicitplot3d, inequal, interactive, interactiveparams, intersectplot, listcontplot,listcontplot3d, listdensityplot, listplot, listplot3d, loglogplot, logplot, matrixplot, multiple,odeplot, pareto, plotcompare, pointplot, pointplot3d, polarplot, polygonplot,polygonplot3d, polyhedra_supported, polyhedraplot, rootlocus, semilogplot, setcolors,setoptions, setoptions3d, spacecurve, sparsematrixplot, surfdata, textplot, textplot3d,tubeplot
 odeplot sn, x = 0 ..2
 x0 0.5 1 1.5 2
 y
 0.2
 0.6
 1.0
 1.4
 The option output=listporcedure, produces separate procedures for each outputsn d dsolve edo, y 0 = 1 , y x , numeric, output = listprocedure
 sn := x = proc x ... end proc, y x = proc x ... end proc
 We extract the procedure that computes y x selecting the right-hand-side of the second element in sn
 syd rhs sn 2sy := proc x ... end proc
 This isolated procedure produces the approximate value of y x with no labelsy 1.2
 1.14961123596730
 Now, the solution can be plotted in the usual way with the plot( ) command.plot sy x , x = 0 ..2, gridlines
 draft
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 x0 0.5 1 1.5 2
 0.2
 0.6
 1.0
 1.4
 4. Prime and dot notationsBack to outlineThe usual prime and dot notations can be used to write derivatives. Prime notation produces derivatives with respect to x, and dot notation produces derivatives with respect to t. Note that we can write y ' and y instead of y ' x and y x ; the same happens with the dot notation.
 edo d y 'C2 y = sin x
 edo :=ddx
 y x C2 y x = sin x
 dsolve edo
 y x =K15
 cos x C25
 sin x CeK2 x _C1
 We can press [Ctrl]+[Shift]+["] for quick access to the dot notation.
 edo2 d x.C
 1t
 x = et
 edo2 :=ddt
 x t Cx t
 t= et
 dsolve edo2, x 1 = a , x t
 x t =K1Ct etCa
 t
 For ODEs with other independent variables, we must use of the diff( ) command. For a fast access to the 2D Math representation of diff( ), write the command and press [Ctrl]+[Spacebar]
 ode dddu
 z u =Ku z u Cu
 ode :=ddu
 z u =Ku z u Cu
 dsolve ode
 z u = 1CeK
 12
 u2
 _C1
 5. Second order ODEsBack to outline
 restart;Is really easy to write and solve second order ODEs
 ode d y ''Ky 'Cy = cos x
 ode :=d2
 dx2 y x K
 ddx
 y x Cy x = cos x
 s d dsolve ode
 draft
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 > >
 > >
 s := y x = e
 12
 x sin
 12
 3 x _C2Ce
 12
 x cos
 12
 3 x _C1Ksin x
 In second order Initial Value Problems, two initial conditions have to be included. cond d y 0 = 1, y ' 0 = 2
 cond := y 0 = 1, D y 0 = 2
 s d dsolve ode, cond , y x
 s := y x =53
 e
 12
 x sin
 12
 3 x 3 Ce
 12
 x cos
 12
 3 x Ksin x
 Now, a positive odetest will return [0,0,0] , indicating that the computed solution satisfy the ODE and both initial conditions.
 odetest s, ode, cond0, 0, 0
 Numerical solutions can be obtained in the usual way.
 ode d x..K t x
 .Ccos t x = t
 ode :=d2
 dt2 x t K t
 ddt
 x t Ccos t x t = t
 cond d x 0 = 2, x.
 0 = 1cond := x 0 = 2, D x 0 = 1
 Maple cannot compute an exact solution for this IVPs d dsolve ode, cond , x t
 s :=
 To obtain a numerical approximation to the solution, we just need to include the numeric option in the dsolve( ) command
 sn d dsolve ode, cond , x t , numericsn := proc x_rkf45 ... end proc
 sn 1.2
 t = 1.2, x t = 2.10969108724238,ddt
 x t =K0.444478679007021
 As before, graphical representations can be obtained with the command odeplot( )We first load the library plots
 with plots :odeplot sn, t = 0 ..1.2
 t0 0.2 0.4 0.6 0.8 1 1.2
 x
 2
 2.10
 2.20
 With the option output=listporcedures, we get access to separate procedures for the function and the derivative
 sn d dsolve ode, cond , x t , numeric, output = listprocedure
 sn := t = proc t ... end proc, x t = proc t ... end proc,ddt
 x t = proc t ... end proc
 Now, we extract the procedure to compute x t snf d rhs sn 2
 draft
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 snf := proc t ... end proc
 and the procedure to compute x ' tsnf1 d rhs sn 3
 snf1 := proc t ... end proc
 The table below displays the graphics of the function and the derivative.
 plot snf t , t = 0 ..1.2, gridlines, title= "function values"
 >
 t0 0.2 0.4 0.6 0.8 1 1.2
 2
 2.10
 2.20
 function values
 plot snf1 t , t = 0 ..2, gridlines, title= "derivative values"
 >
 t0.5 1 1.5 2
 K0.4
 0
 0.6
 1derivative values
 It is also easy to draw a phase portraitplot snf t , snf1 t , t = 0 ..1.2 , labels = "x t ","x ' t " , gridlines
 x(t)2.05 2.10 2.15 2.20 2.25
 x'(t)
 K0.4K0.2
 00.20.40.60.8
 1
 draft
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 A1. Free fall without frictionBack to outline
 m, mass (in kg)•
 g = 9.81 m/s2, gravity acceleration•
 fg = m g, weight (in Newtons)•
 y t , position (in m)•
 v t = y.
 t , velocity•
 Differential equation
 m y..
 =Km g 0 y..
 t =Kg
 We can use this simple model to illustrate problem solving with MapleDifferential equation
 restartode d y
 ..=Kg
 ode :=d2
 dt2 y t =Kg
 Symbolic initial conditionsics d y 0 = y0, y
 .0 = v0
 ics := y 0 = y0, D y 0 = v0
 Symbolic solution. Note that the well known uniform acceleration displacement formula is obtained
 s d dsolve ode, ics
 s := y t =K12
 g t2Cv0 tCy0
 List of particular values pvals d y0 = 50, v0 = 10, g = 9.81
 pvals := y0 = 50, v0 = 10, g = 9.81
 Extraction of the expression for the displacement y tfy d eval y t , s
 fy := K12
 g t2Cv0 tCy0
 Solution for the particular valuesfyp d eval fy, pvals
 fyp := K4.905000000 t2C10 tC50
 Position after t = 4 secondseval fyp, t = 4.
 11.52000000
 Expression for the velocityfv d diff fyp, t
 fv := K9.810000000 tC10
 draft
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 Velocity at t = 4 eval fv, t = 4.
 K29.24000000
 Time to reach the groundtg d fsolve fyp = 0, t = 0 ..50
 tg := 4.370903613
 Velocity at the time of impactvg d eval fv, t = tg
 vg := K32.87856444
 Plot t-yplot fyp, t = 0 ..tg, gridlines
 t0 1 2 3 4
 01020304050
 Time to reach the peaktp d solve fv = 0
 tp := 1.019367992
 peak heightyp d eval fyp, t = tp
 yp := 55.09683996
 draft
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 A2. Free fall with frictionBack to outline
 m, mass (in kg)•
 g = 9.81 m/s2, gravity acceleration•
 fg = m g, weight (in Newtons)•
 y t , position (in m)•
 v t = y.
 t , velocity•
 fr resistant force•
 - linear drag fr =Ka v t
 - quadratic drag fr =Kb v3 tv t
 = b signum y.
 y. 2
 Differential equation
 Linear drag my..
 =Km gKa y.
 •
 Quadratic drag my..
 =KmgKb signum y.
 y. 2•
 Now, we move on to more complex models. For the problem with friction drag, we can obtain a exact symbolic solutions; in contrast, the nonlinear problem with quadratic drag only admits numerical solutions.
 Linear dragrestart;
 Differential equationode d my
 ..=Km gKa y
 .
 ode := m d2
 dt2 y t =Km gKa
 ddt
 y t
 symbolic initial conditionsics d y 0 = y0, y
 .0 = v0
 ics := y 0 = y0, D y 0 = v0
 Symbolic ODE solutions d dsolve ode, ics
 s := y t =Km e
 Ka tm v0 aCm g
 a2 Km g t
 aC
 y0 a2Cm v0 aCm2 g
 a2
 Expression for displacementfy d eval y t , s
 fy := Km e
 Ka tm v0 aCm g
 a2K
 m g ta
 Cy0 a
 2Cm v0 aCm2 g
 a2
 Expression for the velocity
 draft
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 fv d diff fy, t
 fv :=eK
 a tm v0 aCm g
 aK
 m ga
 Displacement for particular valuespvals d y0 = 50, v0 = 10, g = 9.81, m = 100
 pvals := y0 = 50, v0 = 10, g = 9.81, m = 100
 fyp d eval fy, pvals
 fyp := K100 e
 K1
 100 a t
 10 aC981.00
 a2 K981.00 t
 aC
 50 a2C1000 aC98100.00
 a2
 When we compute the limit of fyp for a / 0, we see that the non-friction formula results limit fyp, a = 0
 10. tC50.K4.905000000 t2
 Velocity expression for the particular valuesfvp d eval fv, pvals
 fvp :=eK
 1100
 a t 10 aC981.00
 aK
 981.00a
 Limit of the velocity as a approaches 0limit fv, a = 0
 v0K t g
 This expression is the same as the one corresponding to the non-friction caseNext, we use the animate( ) command of the library plots to draw the displacement and velocity graphs for several values of the friction coefficient a.
 with plots :animate plot, fyp, t = 0 ..10, y = 0 ..60 , a = 1 ..150, gridlines, thickness = 2
 t0 2 4 6 8 10
 y
 0
 20
 40
 60a = 1.
 animate plot, fvp, t = 0 ..10, v = 10 ..K40, color = blue , a = 1 ..150, gridlines,thickness = 2
 t2 4 6 8 10
 v
 K40K30K20K10
 010
 a = 1.
 For each value of the linear friction coefficient a, the limit velocity is
 draft
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 vlim d limit fv, t = infinity
 vlim := limt/N
 eK
 a tm v0 aCm g
 aK
 m ga
 We can improve the result using the modifier assuming to tell Maple that the parameters a, g and m are positive
 vlim d limit fv, t = infinity assuming m O 0, a O 0, g O 0
 vlim := Km ga
 In our example, the limit velocity for a = 150 isvlimp d eval vlim, m = 100, g = 9.81, a = 150
 vlimp := K6.540000000
 y0 = 50, v0 = 10, g = 9.81, m = 100
 For a = 150, the displacement and velocity expression arefypa d eval fyp, a = 150 ;fvpa d eval fvp, a = 150
 fypa := K11.02666667 eK
 32
 tK6.540000000 tC61.02666667
 fvpa := 16.54000000 eK
 32
 tK6.540000000
 The time to peak is tp d fsolve fvpa = 0, t = 0 ..50
 tp := 0.6185630161
 Maximum heightymax d eval fypa, t = tp
 ymax := 52.62126454
 Time to reach a close-to-limit velocity and altitude at this pointtlim d fsolve fvpa =K6.5, t = 0 ..40 ; ylim d eval fypa, t = tlim
 tlim := 4.016438343ylim := 34.73249324
 Time to impact, and velocity at this momenttimp d fsolve fypa = 0, t = 0 ..15 ;vimp d eval fvpa, t = timp
 timp := 9.331293192vimp := K6.539986204
 Quadratic drag: downwards initial velocityIf the initial velocity v0 is non-positive, the velocity v t is always non-positive and the drag
 force always points upwards. In this case, the drag force can be written in the form fr = b y
 . 2, b O 0.and we can find an exact expression for the velocity writing
 v t =ddt
 y t , mddt
 v t =Km gCb v t 2
 restart;First-order differential equation for the velocity
 odev d m v.
 =Km gCb v 2
 draft

Page 55
                        

F. Palacios-Quiñonero A nano-course on Maple Unit 2: Ordinary Differential Equations
 Page 50
 > >
 > >
 > >
 > >
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 > >
 > > > >
 odev := m ddt
 v t =Km gCb v t 2
 symbolic initial conditionicsv d v 0 = v0
 icsv := v 0 = v0
 Symbolic solutions d dsolve odev, icsv
 s := v t =Ktanh
 t b m g Km arctanhb v0
 b m gm
 b m g
 b
 Particular values for the parameterspvals d m = 100, g = 9.81, v0 = 0
 pvals := m = 100, g = 9.81, v0 = 0
 Expression for the velocityfv d eval v t , s
 fv := Ktanh
 t b m g Km arctanhb v0
 b m gm
 b m g
 b
 Velocity expression for the particular valuesfvp d eval fv, pvals
 fvp := K31.32091953 tanh 0.3132091953 t b
 b
 The limit value when as b approaches 0limit fvg, b = 0
 Kt gCv0
 is the well-known value for the non-friction caseAnimated graphics for different values of the drag coefficient b
 with plots :animate plot, fvp, t = 0 ..10, v = 0 ..K40, color = blue, thickness = 2 , b = 1 ..20,
 gridlines
 t2 4 6 8 10
 v
 K40
 K30
 K20
 K10
 0b = 1.
 For the particular values b = 2 and y0 = 50, we can integrate v t to compute the
 displacement y tfvpb d eval fvp, b = 2
 fvpb := K15.66045976 tanh 0.3132091953 t 2 2yic := y0 = 50
 draft
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 The following command line defines an user function to compute y tfypb d t1/int fvpb, t = 0 ..t1 C50
 fypb := t1/0
 t1
 fvpb dtC50
 fypb 232.51140861
 plot fypb t , t = 0 ..10, y = 50 ..K5, gridlines, thickness = 2
 t2 4 6 8 10
 y
 01020304050
 From the graphic, the body needs approximately t = 3.7 s to hit the ground. More precisely, the time of impact is (note the quoted call of the function to avoid premature evaluation)
 tg d fsolve 'fypb t '= 0, t = 0 ..10tg := 3.741899350
 The impact velocity isvg d eval fvpb, t = tg
 vg := K15.66045976 tanh 1.171997284 2 2
 In this case we need to complete the float evaluation with evalf( )vgf d evalf vg
 vgf := K20.59412643
 For a given value of the friction constant b, the limit velocity isvlimit = limit fvg, t = infinity
 vlimit = limt/N
 Ktanh
 t b m g Km arctanhb v0
 b m gm
 b m g
 b
 vlimit d limit fvg, t = infinity assuming b O 0, m O 0, g O 0
 vlimit := Kb m gb
 For the particular values m = 100, g = 9.81, b = 30, we havepvals d m = 100, g = 9.81, b = 30
 pvals := m = 100, g = 9.81, b = 30
 vlimp d eval vlimit, pvalsvlimp := K5.718391383
 The time required for the falling body to get a close-to-limit velocity (99% of the limit velocity) is
 tlim d fsolve fvpb = vlimp$0.99, t = 0 ..10tlim := 0.5901712725
 Quadratic drag: general caseIn the general case, the falling body can have a positive initial velocity. If this is the case, the body will start moving upwards and, after reaching the peak, will begin to fall. This
 draft
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 > >
 > >
 > >
 more general model requires a full-numerical treatment. We use here the function signum( ), which has the following piecewise definition
 convert signum x , piecewise
 K1 x ! 0
 0 x = 0
 1 0 ! x
 Differential Equationrestart
 ode d my..
 =Km gKb signum y.
 y. 2
 ode := m d2
 dt2 y t =Km gKb signum
 ddt
 y t ddt
 y t2
 parameter valuesvpard m = 100, g = 9.81, b = 2
 vpar := b = 2, g = 9.81, m = 100
 particular odeodep d eval ode, vpar
 odep := 100 d2
 dt2 y t =K981.00K2 signum
 ddt
 y t ddt
 y t2
 numerical initial conditionsicsn d y 0 = 50, y
 .0 = 10
 icsn := y 0 = 50, D y 0 = 10
 numerical solutions d dsolve odep, icsn , numeric, output = listprocedure
 s := t = proc t ... end proc, y t = proc t ... end proc,ddt
 y t = proc t
 ...
 end proc
 fy d rhs s 2fy := proc t ... end proc
 fv d rhs s 3fv := proc t ... end proc
 plot fy t , t = 0 ..10, y =K10 ..60, gridlines, thickness = 2
 t2 4 6 8 10
 y
 K10
 10
 30
 60
 plot fv t , t = 0 ..10, v = 20 ..K40, color = blue, gridlines, thickness = 2
 draft
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 t2 4 6 8 10
 v
 K40K30K20K10
 01020
 We will use here a different approach to find the peak value and the peak time based on the command Maximize( ) contained in the library Optimization
 with OptimizationImportMPS, Interactive, LPSolve, LSSolve, Maximize, Minimize, NLPSolve, QPSolve
 Maximize fy t , t = 0 ..1054.6386084610991, t = 0.957501631355853
 We can also use the command Minimize( ) to find the impact timeMinimize abs fy t , t = 0 ..10
 1.16256379523172 10-9, t = 4.92312227323774
 Using fsolve( ), we gettpeakd fsolve fv t = 0, t = 0 ..10
 tpeak := 0.9575016504
 tground d fsolve fy t = 0, t = 0 ..10tground := 4.923122273
 draft
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 A3. Newton's Law of coolingBack to outline
 In this application, we study the temperature x t of a body placed in an environment with temperature Text t . For this problem, Newton's Law of
 Cooling states that the body change of temperature is proportional to the temperature difference TextKx t . More precisely,
 ddtx t = a Text t K x t ,
 where:
 t, time (in minutes) • x t body temperature (in ºC)• Text t external temperature•
 a O 0, proportionality constant•
 Note that Text t O x t 0 x.
 t O 0. Consequently, in this case x t is
 increasing. Analogously, x t decreases for Text t ! x t .
 General discussionrestart
 Differential equationode d x
 .= a TextKx
 ode :=ddt
 x t = a TextKx t
 Initial conditionsics d x 0 = x0
 ics := x 0 = x0
 General solutions d dsolve ode, ics
 s := x t = TextCeKa t x0KText
 Solution testodetest s, ode, ics
 0, 0
 Expression for x tfx d eval x t , s
 fx := TextCeKa t x0KText
 Particulars values for
 draft
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 > >
 x0, a, and Text.
 pvals d a =12
 , x0 = 100, Text = 20
 pvals := a =12
 , x0 = 100, Text = 20
 fxp d eval fx, pvals
 fxp := 20C80 eK
 12
 t
 plot fxp, t = 0 ..40, x = 0 ..100, gridlines
 t0 10 20 30 40
 x
 0
 20
 40
 60
 80
 100
 Solving a particular problem.
 At a certain time, a furnace has a temperature of 220 ºC. After 15 minutes, the temperature has decreased to 85 ºC. Assuming that the sorrounding's temperature remains constant at 25 ºC, use the Newton's Law of temperatures, a) to determine the furnace temperature after 30 minutes.
 b) Assuming that the furnace is considered safely cool at 45 ºC.
 Compute the cooling time.
 We start with the same four steps followed in the previous subsection.Differential equation.
 restart;ode d x
 .= a TextKx
 ode :=ddt
 x t = a TextKx t
 Initial conditionsics d x 0 = x0
 ics := x 0 = x0
 General solutions d dsolve ode, ics
 s := x t = TextCeKa t x0KText
 fx d eval x t , sfx := TextCeKa t x0KText
 Now, we introduce the particular values x0 = 220 ºC, and Text = 25 ºC
 pvals d Text = 25, x0 = 220
 pvals := Text = 25, x0 = 220
 draft
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 > >
 fx1 d eval fx, pvalsfx1 := 25C195 eKa t
 Next, we use the additional information x 15 = 85 ºC, to compute the value of the proportionality constant a.
 v15 d eval fx1, t = 15v15 := 25C195 eK15 a
 va d solve v15 = 85
 va := K115
 ln413
 vaf d evalf vavaf := 0.07857699974
 Now, we can get the expression for x t . Note that in this problem, we have written the particular values as a set, this allows us to use the set operations to add new particular values.
 pvals1 d pvals union a = va
 pvals1 := a =K115
 ln413
 , Text = 25, x0 = 220
 fxp d eval fx, pvals1
 fxp := 25C195 e
 115
 ln413
 t
 plot fxp, 25 , t = 0 ..100, x = 0 ..220, gridlines, color = blue, red , thickness = 2
 t0 20 40 60 80 100
 x
 0
 50
 100
 150
 200
 The furnace temperature after 30 min isv30 d eval fxp, t = 30.
 v30 := 25C195 e2.000000000 ln
 413
 Float evaluationv30f d evalf v30
 v30f := 43.46153847
 Time for the furnace to be at 45 ºC.t45 d solve fxp = 45
 t45 :=15 ln
 439
 ln413
 t45f d evalf t45t45f := 28.98134686
 Study of the cooling timeNote that we have a general expression for x t in fx
 draft
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 > >
 fxTextCeKa t x0KText
 and all the previous questions can be solved in general. To illustrate the interest of this point, we consider now the study of the cooling time as a function of the external temperature Text
 General time to reach 45 ºCt45 d solve fx = 45, t
 t45 := K
 lnTextK45
 Kx0CText
 a
 Using this expression, we can investigate the dependence of the cooling time with respect ofthe external temperature
 pvals2 d a = va, x0 = 220
 pvals2 := a =K115
 ln413
 , x0 = 220
 tcoold eval t45, pvals2
 tcool :=
 15 lnTextK45
 K220CText
 ln413
 tcoolf d evalf tcool
 tcoolf := K12.72637035 lnTextK45.
 K220.CText
 plot tcool, Text =K10 ..50, Tcool = 0 ..80, gridlines, thickness = 2, title = "Cooling time"
 Text
 K10 0 10 20 30 40 50
 Tcool
 10
 3050
 80Cooling time
 From the graph, it can be clearly appreciated that the cooling time increases significantly when the external temperature is around 40 ºC. Of course, the vertical asymptote at Text = 45 ºC indicates that safe-cooling temperature cannot be reached (obviously) for
 external temperatures greater or equal to 45 ºC. If we assume that the normal operation range is 20% Text % 40,
 plot tcool, Text = 20 ..40, Tcool = 25 ..45, gridlines, thickness = 2, title = "Cooling time"
 draft
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 Text
 25 30 35 40
 Tcool
 25
 30
 35
 40
 45Cooling time
 we can still observe an important variability in the cooling time, with a range of about 20 minutes.
 tcool20d eval tcoolf, Text = 20.
 tcool20 := 26.46374318
 tcool40d eval tcoolf, Text = 40.
 tcool40 := 45.60518916
 rangtcool d tcool40K tcool20rangtcool := 19.14144598
 draft
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 Mechanical oscillationsBack to outline
 In this example, we consider a mass-sping-damper system. The displacement of the chart can be modelled by means of a second-order differential equation, with
 t, time (s)• x t , displacement (m)• m, mass (kg)• fext , external force (N)•
 k, stiffness coefficient N$mK1• b, damping coefficient N$s$mK1•
 Differential equation
 m d2
 dt2x t =Kb
 ddtx t K k x t C fext t
 Free responserestart
 Differential equation
 ode d m x..Cb x
 .Ck x = 0
 ode := m d2
 dt2 x t Cb
 ddt
 x t Ck x t = 0
 ics d x 0 = x0, x.
 0 = v0
 ics := x 0 = x0, D x 0 = v0
 s d dsolve ode, ics
 s := x t =12
 b x0C b2K4 k m x0C2 v0 m e
 12
 KbC b2K4 k m t
 m
 b2K4 k m
 K12
 2 v0 mCb x0K b2K4 k m x0 e
 K12
 bC b2K4 k m t
 m
 b2K4 k m
 fx d eval x t , s
 draft
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 fx :=12
 b x0C b2K4 k m x0C2 v0 m e
 12
 KbC b2K4 k m t
 m
 b2K4 k m
 K12
 2 v0 mCb x0K b2K4 k m x0 e
 K12
 bC b2K4 k m t
 m
 b2K4 k m
 A particular casepvals d m = 1, k = 5, b = 5, x0 = 2, v0 =K2
 pvals := m = 1, k = 5, b = 5, x0 = 2, v0 =K2
 fxp d eval fx, pvals
 fxp :=110
 5 6C2 5 e
 12
 K5C 5 tK
 110
 5 6K2 5 eK
 12
 5C 5 t
 fxpfd evalf fxpfxpf := 2.341640785 eK1.381966012 tK0.3416407866 eK3.618033988 t
 plot fxpf, t = 0 ..4, gridlines
 t0 1 2 3 4
 0.20.61.0
 1.62.0
 A second casepvals2 d m = 1, k = 5, b = 1, x0 = 2, v0 =K2
 pvals2 := m = 1, k = 5, b = 1, x0 = 2, v0 =K2
 pfx2 d eval fx, pvals2
 pfx2 := K138
 K19 K2C2 K19 e
 12
 K1C K19 tC
 138
 K19 K2
 K2 K19 eK
 12
 1C K19 t
 In this case we have complex exponentialsplot pfx2, t = 0 ..4 , gridlines
 t1 2 3 4
 K1
 0
 1
 2
 Engineering notationrestart;ode d m x
 ..Cb x
 .Ck x = 0
 draft

Page 66
                        

F. Palacios-Quiñonero A nano-course on Maple Unit 2: Ordinary Differential Equations
 Page 61
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 ode := m d2
 dt2 x t Cb
 ddt
 x t Ck x t = 0
 ics d x 0 = x0, x.
 0 = v0
 ics := x 0 = x0, D x 0 = v0
 First, we divide the ODE by m
 ode1 dodem
 ode1 :=
 m d2
 dt2 x t Cb
 ddt
 x t Ck x t
 m= 0
 ode2 d expand ode1
 ode2 :=d2
 dt2 x t C
 b ddt
 x t
 mC
 k x tm
 = 0
 next, we introduce the angular frequency w0 =km
 ode3 d algsubskm
 = w02, ode2
 ode3 :=d2
 dt2 x t C
 b ddt
 x t
 mCx t w0
 2 = 0
 and, finally, we introduce the relative damping
 oden d algsubsbm
 = 2 ξ w0, ode3
 oden :=d2
 dt2 x t C2
 ddt
 x t ξ w0Cx t w02 = 0
 The expression of the relative damping in terms of k, b, and m is
 rd d evalbm
 = 2 ξ w0, w0 =km
 rd :=bm
 = 2 ξ km
 rd1 d isolate rd, ξ
 rd1 := ξ =12
 b
 m km
 rd2 d simplify rd1 assuming positive
 rd2 := ξ =12
 b
 k m
 sovd dsolve oden, ics
 sov := x t =12
 w0 ξ x0Cw0 ξ
 2K1 x0Cv0 e
 KξC ξ2K1 w0 t
 ξ2K1 w0
 draft
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 > >
 > >
 > >
 > >
 K12
 v0Cw0 ξ x0Kw0 ξ
 2K1 x0 e
 K ξC ξ2K1 w0 t
 ξ2K1 w0
 ODE solution. Underdamped system (0 % ξ! 1
 s d dsolve oden, ics assuming 0 % ξ! 1, w0 O 0
 s := x t =Kw0
 2Kξ2 w0
 2 v0Cw0 ξ x0 eKw
 0 t ξ
 sin w02Kξ
 2 w0
 2 t
 w02 ξ
 2K1
 Cx0 eKw
 0 t ξ
 cos w02Kξ
 2 w0
 2 t
 fx d eval x t , s
 fx := Kw0
 2Kξ2 w0
 2 v0Cw0 ξ x0 eKw
 0 t ξ
 sin w02Kξ
 2 w0
 2 t
 w02 ξ
 2K1
 Cx0 eKw
 0 t ξ
 cos w02Kξ
 2 w0
 2 t
 A particular casepvals d m = 1, k = 5, b = 1, x0 = 2, v0 =K2
 pvals := b = 1, k = 5, m = 1, v0 =K2, x0 = 2
 natural frequency
 nf d sqrtkm
 ;
 nf :=km
 Damping ratio
 dr d12
 b
 k m;
 dr :=12
 b
 k m
 Particular values of frequency and damping ratiopnf d eval nf, pvals
 pnf := 5
 pdr d eval dr, pvals
 pdr :=110
 5
 evalf pdr0.2236067977
 pvals2 d pvals union w0 = pnf, ξ = pdr
 pvals2 := b = 1, k = 5, m = 1, ξ =110
 5 , v0 =K2, w0 = 5 , x0 = 2
 pfx d eval fx, pvals2
 pfx := K119
 19 4 eK
 12
 t sin
 14
 19 4 t C2 eK
 12
 t cos
 14
 19 4 t
 draft
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 > >
 > >
 > >
 > >
 > >
 pfxfd evalf pfxpfxf := K0.4588314678 eK0.5000000000 t sin 2.179449472 t
 C2. eK0.5000000000 t cos 2.179449472 t
 We can take the exponential term as a common factor with collect( )f2 d collect pfxf, expf2 := K0.4588314678 sin 2.179449472 t C2. cos 2.179449472 t eK0.5000000000 t
 plot pfxf, t = 0 ..8
 t1 2 3 4 5 6 7 8
 K1
 0
 1
 2
 Forced oscillations, undamped caseBack to outline
 restart;Ode
 ode d x..Cw0
 2 x = sin wf t
 ode :=d2
 dt2 x t Cw0
 2 x t = sin wf t
 ics d x 0 = x0, x.
 0 = v0
 ics := x 0 = x0, D x 0 = v0
 s d dsolve ode, ics
 s := x t =sin w0 t v0 w0
 2Kv0 wf2Kwf
 w0 w02Kwf
 2Ccos w0 t x0C
 sin wf t
 w02Kwf
 2
 fx d eval x t , s
 fx :=sin w0 t v0 w0
 2Kv0 wf2Kwf
 w0 w02Kwf
 2Ccos w0 t x0C
 sin wf t
 w02Kwf
 2
 fxlimd limw
 f/w
 0fx
 fxlim :=12
 2 sin w0 t v0 w0C2 cos w0 t x0 w0
 2Csin w0 t Kcos w0 t t w0
 w02
 We can compute directly this Limit using the L'Hopital rule.N d numer fx
 N := sin w0 t v0 w02Ksin w0 t v0 wf
 2Ksin w0 t wfCcos w0 t x0 w03Kcos w0 t x0 w0
 wf2Cw0 sin wf t
 Dend denom fxDen := w0 w0
 2Kwf2
 N1 d diff N, wf
 N1 := K2 sin w0 t v0 wfKsin w0 t K2 cos w0 t x0 w0 wfCw0 cos wf t t
 draft
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 > >
 > >
 > >
 Den1d diff Den, wf
 Den1 := K2 w0 wf
 eval N1, wf = w0
 eval Den1, wf = w0
 K12
 K2 sin w0 t v0 w0K2 cos w0 t x0 w0
 2Ksin w0 t Ccos w0 t t w0
 w02
 Resonance case
 ode1 d x..Cw0
 2 x = sin w0 t
 ode1 :=d2
 dt2 x t Cw0
 2 x t = sin w0 t
 s1 d dsolve ode1, ics
 s1 := x t =12
 sin w0 t 2 v0 w0C1
 w02
 Ccos w0 t x0K12
 cos w0 t t
 w0
 fx1 d eval x t , s1
 fx1 :=12
 sin w0 t 2 v0 w0C1
 w02
 Ccos w0 t x0K12
 cos w0 t t
 w0
 simplify fx1K fxlim0
 is fx1Kfxlim = 0true
 pvals d w0 = 5, x0 = 2, v0 =K2
 pvals := v0 =K2, w0 = 5, x0 = 2
 fx1p d eval fx1, pvals
 fx1p := K1950
 sin 5 t C2 cos 5 t K110
 cos 5 t t
 plot fx1p, sin 5 t , t = 0 ..10, gridlines, color = red, blue , legend = response, excitation
 response excitation
 t2 4 6 8 10
 K1
 0
 1
 2
 plot fx1p, sin 5 t , t = 0 ..100, gridlines, color = red, blue , legend = response, excitation
 draft
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 response excitation
 t20 40 60 80 100
 K6
 K4
 K2
 0
 2
 4
 6
 8
 draft
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 Unit 3. Ordinary Differential Equations: more advanced topics
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 This document has been composed with the Maple 15 worksheet
 Outline
 ODE systems1. Laplace transform2. ODE solving using Laplace transforms3. Piecewise Excitations4. Event-driven simulations5.
 ApplicationsA1 Two-tank problemA2 Mechanical vibrations: Laplace approachA3 Cooling problem with tabular inputA4 Dynamic damperA5 Parachute with timed openingA6 Oscillations with unidirectional springs
 Two-tank problemMechanical oscillations:
 Laplace transform approach
 Cooling problem with tabular input
 Dynamical damper Parachute with timed opening Unidirectional springs
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 > >
 > >
 ODE systems
 Exact solutionWe can also solve ODE systems with dsolve( )
 ode1 d x.
 =K2 xCy t ;
 ode1 :=ddt
 x t =K2 x t Cy t
 ode2 d y.
 = x t Ky;
 ode2 :=ddt
 y t = x t Ky t
 s d dsolve ode1, ode2
 s := x t = _C1 e
 12
 5 K3 tC_C2 e
 K12
 5 C3 t, y t =
 12
 _C1 e
 12
 5 K3 t 5
 C12
 _C1 e
 12
 5 K3 tK
 12
 _C2 eK
 12
 5 C3 t 5 C
 12
 _C2 eK
 12
 5 C3 t
 Solution check with odetest( )odetest s, ode1, ode2
 0, 0
 Initial conditionscond d x 0 = 1, y 0 = 0
 cond := x 0 = 1, y 0 = 0
 Solving an initial value problemsp d dsolve ode1, ode2, cond
 sp := x t =12K
 110
 5 e
 12
 5 K3 tC
 12C
 110
 5 eK
 12
 5 C3 t, y t
 =12
 12K
 110
 5 e
 12
 5 K3 t 5 C
 12
 12K
 110
 5 e
 12
 5 K3 t
 K12
 12C
 110
 5 eK
 12
 5 C3 t 5 C
 12
 12C
 110
 5 eK
 12
 5 C3 t
 odetest sp, ode1, ode2, cond0, 0, 0, 0
 The exact solution has a quite complex aspect, due to the exact numbers involved. We can use evalf( ) to get a decimal apprixmation of these numbers
 spf d evalf spspf := x t = 0.2763932023 eK0.3819660115 tC0.7236067977 eK2.618033988 t, y t
 = 0.4472135956 eK0.3819660115 tK0.4472135952 eK2.618033988 t
 Next, we extract expressions for x t and y t .
 Note that fx, and fy are float representations of the exactsolutions and they are only affected by rounding errors
 fx d eval x t , spffx := 0.2763932023 eK0.3819660115 tC0.7236067977 eK2.618033988 t
 fy d eval y t , spf
 draft
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 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 fy := 0.4472135956 eK0.3819660115 tK0.4472135952 eK2.618033988 t
 Evaluation and plotsvx d eval fx, t = 1.2 ; vy d eval fy, t = 1.2
 vx := 0.2060374118vy := 0.2634573121
 plot fx, fy , t = 0 ..5, gridlines, color = red, blue , thickness = 2, 2 , legend = x t ,y t
 x t y tt
 0 1 2 3 4 50
 0.20.40.60.8
 1
 Numeric solutionThe numeric option also works with ODE systems
 spn d dsolve ode1, ode2, cond , numericspn := proc x_rkf45 ... end proc
 spn 1.2t = 1.2, x t = 0.206037334689215, y t = 0.263457359773301
 We can also use the option output=listprocedure here.spn d dsolve ode1, ode2, cond , numeric, output = listprocedure
 spn := t = proc t ... end proc, x t = proc t ... end proc, y t = proc t ... end proc
 Next, we extract separate procedures to compute x t , and y t .snxd rhs spn 2
 snx := proc t ... end proc
 snyd rhs spn 3sny := proc t ... end proc
 Below, we compare the exact and approximated values for x 1.2 . vx d eval fx, t = 1.2
 vx := 0.2060374118
 avx d snx 1.2avx := 0.206037334689215
 erd vxKsnx 1.2er := 7.71107854791175 10-8
 Note that the numerical approximation are computed with double precision.Response plots using the procedures
 plot 'snx t ','sny t ' , t = 0 ..5, gridlines, color = red, blue , thickness = 2, legend= x t , y t
 draft
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 x t y tt
 0 1 2 3 4 50
 0.6
 1
 Remember! When plotting procedures, it is preferable to use quoted names to avoid premature evaluation
 Laplace transformBack to outlineWe can compute Laplace transforms directly
 restart;f d sin w t
 f := sin w t
 The following integral defines the Laplace transform of f t . The command Int( ), is the inert version of int( ). We use inert commands to display some computations processess, such as limits, integrals, or derivatives. Inert commands are evaluated with the command value( )
 F d Int f exp Ks t , t = 0 ..infinity
 F :=0
 N
 sin w t eKs t dt
 value F
 limt/N
 Ksin w t s eKs tCcos w t w eKs tKw
 s2Cw2
 To solve this limit, some assumptions are requiredF d value F assuming w O 0, s O 0
 F :=w
 s2Cw2
 Int( ) is the inert form of the integration command int( ) . The evaluation of a inert-form command is obtained with value( ).
 Laplace transforms can be computed with the command laplace( ), included in the library of integral transformations inttrans
 with inttransaddtable, fourier, fouriercos, fouriersin, hankel, hilbert, invfourier, invhilbert, invlaplace,
 invmellin, laplace, mellin, savetable
 f d sin w tf := sin w t
 F d laplace f, t, s
 F :=w
 s2Cw2
 Inverse Laplace transforms are computed with invlaplace( )
 draft
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 > >
 > >
 > >
 > >
 f d invlaplace F, s, tf := sin w t
 We can define piecewise functions with piecewise( )f d piecewise t ! 1, 2 , t ! 3,K1, 1
 f :=
 2 t ! 1
 K1 t ! 3
 1 otherwise
 The command laplace( ) also computes Laplace transforms of piecewise functionsF d laplace f, t, s
 F :=2K3 eKsC2 eK3 s
 s
 The inverse Laplace transform can appear expressed in terms of shifted Heaviside functions g d invlaplace F, s, t
 g := 2K3 Heaviside K1C t C2 Heaviside K3C t
 With convert( expression, piecewise), Heaviside functions are written in piecewise formf d convert g, piecewise
 f :=
 2 t ! 1
 undefined t = 1
 K1 t ! 3
 undefined t = 3
 1 3 ! t
 Piecewise expression of the Heaviside functionconvert Heaviside t , piecewise
 0 t ! 0
 undefined t = 0
 1 0 ! t
 ODE solving using Laplace transformsBack to outlineLinear ODEs with constant coefficients can be efficiently solved using the Laplace transform
 restartODE
 with inttransaddtable, fourier, fouriercos, fouriersin, hankel, hilbert, invfourier, invhilbert, invlaplace,
 invmellin, laplace, mellin, savetable
 ode d x..Cw0
 2 x = t
 ode :=d2
 dt2 x t Cw0
 2 x t = t
 odeT d laplace ode, t, s
 odeT := s2 laplace x t , t, s KD x 0 Ks x 0 Cw02 laplace x t , t, s =
 1
 s2
 draft
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 > >
 > >
 > >
 We can use the command alias( ) to simplify the notation. After evaluatingthe command
 alias( X=laplace ( x(t), t, s) )Maple will replace all the instances of laplace ( x(t), t, s) by X
 alias X = laplace x t , t, sX
 After issuing the alias command, the ODE Laplace transform takes a more natural formodeT
 s2 XKD x 0 Ks x 0 Cw02 X =
 1
 s2
 Next, we solve for XFx d solve odeT, X
 Fx :=1CD x 0 s2Cs3 x 0
 s2 s2Cw02
 And compute the inverse Laplace transformfx d invlaplace Fx, s, t
 fx :=t
 w02Cx 0 cos w0 t C
 sin w0 t D x 0 w02K1
 w03
 Particular values can be assigned in the usual waypvals d w0 = 5, x 0 = 1, x
 .0 =K2
 pvals := w0 = 5, x 0 = 1, D x 0 =K2
 fxp d eval fx, pvals
 fxp :=125
 tCcos 5 t K51125
 sin 5 t
 We can check this result using dsolveics d x 0 = x0, x
 .0 = v0
 ics := x 0 = x0, D x 0 = v0
 s d dsolve ode, ics
 s := x t =sin w0 t v0 w0
 2K1
 w03
 Ccos w0 t x0Ct
 w02
 Piecewise excitationsBack to outlineEDOs with piecewise excitations are admitted by dsolve( )
 g d xg := x
 ode d y ''C3 y 'C2 y = g
 ode :=d2
 dx2 y x C3 ddx
 y x C2 y x = x
 ics d y 0 = 1, y ' 0 =K2ics := y 0 = 1, D y 0 =K2
 s d dsolve ode, ics
 draft
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 s := y x =K34C
 12
 xC34
 eK2 xCeKx
 fy d eval y x , s
 fy := K34C
 12
 xC34
 eK2 xCeKx
 plot g, fy , x = 0 ..5, y = 0 ..5, color = blue, red , legend = "input", "response" ,gridlines, thickness = 2
 input responsex
 0 1 2 3 4 5
 y
 012345
 g1 d piecewise x ! 1, x, x ! 2, 1, x ! 3, 0
 g1 :=
 x x ! 1
 1 x ! 2
 0 x ! 3
 ode2 d y ''C 3 y 'C2 y = g1
 ode2 :=d2
 dx2 y x C3 ddx
 y x C2 y x =
 x x ! 1
 1 x ! 2
 0 x ! 3
 ics d y 0 = 0, y ' 0 = 0ics := y 0 = 0, D y 0 = 0
 s2 d dsolve ode2, ics
 s2 := y x =
 K34C
 12
 xK14
 eK2 xCeKx x ! 1
 12K
 14
 eK2 xCeKxKe1KxC14
 e2K2 x x ! 2
 K14
 eK2 xCeKxKe1KxC14
 e2K2 xCe2KxK12
 e4K2 x 2 % x
 fy2 d eval y x , s2
 fy2 :=
 K34
 C12
 xK14
 eK2 xCeKx x ! 1
 12K
 14
 eK2 xCeKxKe1KxC14
 e2K2 x x ! 2
 K14
 eK2 xCeKxKe1KxC14
 e2K2 xCe2KxK12
 e4K2 x 2 % x
 plot g1, fy2 , x = 0 ..5, color = blue, red , legend = "input", "response" , gridlines,thickness = 2
 draft
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 input responsex
 0 1 2 3 4 50
 0.6
 1
 Event driven simulationsBack to outlineEvents are conditional statements involving the dependent variables or its derivatives. The numeric dsolve can use events to perform sophisticated simulations. For example, a bouncing ball can be simulated by reversing the velocity sign at the moment of reaching the ground. In
 terms of events, this can be formulated as y t = 0,ddt
 y t =Kddt
 y t
 restartODE for free fall
 ode d y..
 =K9.81
 ode :=d2
 dt2 y t =K9.81
 Initial conditionsics d y 0 = 50, y
 .0 = 0
 ics := y 0 = 50, D y 0 = 0
 Exact solutions d dsolve ode, ics
 s := y t =K981200
 t2C50
 fy d eval y t , s
 fy := K981200
 t2C50
 plot fy, t = 0 ..5
 t1 2 3 4 5
 K40
 0
 40
 Reversing the derivative when the ball reaches the ground, that is, when y t = 0.ev d y t = 0, y
 .=Ky
 .
 ev := y t = 0,ddt
 y t =Kddt
 y t
 Procedure for the event driven solutionsn d dsolve ode, ics , y t , numeric, events = ev , output = listprocedure, range = 0
 ..15
 draft
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 > >
 sn := t = proc t ... end proc, y t = proc t ... end proc,ddt
 y t = proc t ... end proc
 We can use the specialized command odeplot( ) included in the libraryplots to draw the graphics of y t and its derivatives.
 •
 The command odeplot( ) uses the procedures provided by the numeric version of odesolve( )
 •
 The option refine of odeplot improves the graphic resolution; to use this option, a range must be indicated in dsolve( )
 •
 with plots :Position graph
 odeplot sn, t, y t , t = 0 ..15, refine = 5
 t0 5 10 15
 y
 0
 20
 50
 Velocity graphodeplot sn, t, y
 .t , t = 0 ..15, refine = 5
 t5 10 15
 y'
 K30
 K10
 20
 A more realistic approach might consider some energy loss in each ground collision. As a result, the after-impact speed would be only a fraction of the before-impact speed. The event defined below models this situation
 ev2 d y t = 0, y.
 =K0.8 y.
 ev2 := y t = 0,ddt
 y t =K0.8 ddt
 y t
 sn2 d dsolve ode, ics , y t , numeric, events = ev2 , output = listprocedure, range = 0..25
 sn2 := t = proc t ... end proc, y t = proc t ... end proc,ddt
 y t = proc t ... end proc
 Position plotodeplot sn2, t, y t , t = 0 ..25, refine = 5, thickness = 2
 t0 5 10 15 20 25
 y
 0
 20
 50
 Velocity plotodeplot sn2, t, y
 ., t = 0 ..25, refine = 5, thickness = 2
 draft
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 > >
 t5 10 15 20 25
 y'
 K30K20K10
 01020
 A1 Two-tank problemBack to outline
 t, time in minutes• xj t , content in grams of certain contaminant in tank j•
 Vj , volume tank j (in liters). V1 = V2 = 10000 l•
 input flow in Tank 1, 40 l/min• flow from Tank 1 to Tank 2, 65 l/min• flow from Tank 2 to Tank 1, 25 l/min• output flow from Tank 2, 40 l/min •
 We assume that the input in Tank 1 is clean water, and the contaminant concentration in bioth tanks is uniform.
 Differential equations
 x.1
 =K65$x1 t
 10000C 25$
 x2 t
 10000
 x.2 = 65$
 x1 t
 10000K 65$
 x2 t
 10000
 Let's suppose that we have initially a concentration of 300 mg/liter in Tank1, and that a tank can be considered clean when the contaminant concentration takes values below 50 mg/liter, we want to compute:
 Concentration of contaminant in both tanks after 30 minutes.1. Time of cleaning for both tanks.2.
 ODEs
 ode1 d x.1 =K65$
 x1 t
 10000C25$
 x2 t
 10000
 draft
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 > >
 > >
 ode1 :=ddt
 x1 t =K13
 2000 x1 t C
 1400
 x2 t
 ode2 d x.2 = 65$
 x1 t
 10000K65$
 x2 t
 10000
 ode2 :=ddt
 x2 t =13
 2000 x1 t K
 132000
 x2 t
 Initial conditionsV d 10000
 V := 10000
 ics d x1 0 = 0.3$V, x2 0 = 0
 ics := x1 0 = 3000.0, x2 0 = 0
 s d dsolve ode1, ode2, ics
 s := x1 t = 1500 e
 12000
 K13 C 65 tC1500 e
 K1
 2000 13 C 65 t
 , x2 t
 =15
 65 1500 e
 12000
 K13 C 65 tK1500 e
 K1
 2000 13 C 65 t
 Expressions for x1 t , and x2 t .
 fx1 d eval x1 t , s
 fx1 := 1500 e
 12000
 K13 C 65 tC1500 e
 K1
 2000 13 C 65 t
 fx2 d eval x2 t , s
 fx2 :=15
 65 1500 e
 12000
 K13 C 65 tK1500 e
 K1
 2000 13 C 65 t
 Float expressionsfx1fd evalf fx1
 fx1f := 1500. eK0.002468871126 tC1500. eK0.01053112888 t
 fx2fd evalf fx2fx2f := 2418.677324 eK0.002468871126 tK2418.677324 eK0.01053112888 t
 Concentrations in mg/liter
 c1 dfx1fV
 $1000
 c1 := 150.0000000 eK0.002468871126 tC150.0000000 eK0.01053112888 t
 c2 dfx2fV
 $1000
 c2 := 241.8677324 eK0.002468871126 tK241.8677324 eK0.01053112888 t
 Concentrations after 30 minutes (in mg/liter).c130 d eval c1, t = 30
 c130 := 248.6576920
 c230 d eval c2, t = 30c230 := 48.2532444
 Graphics of concentrations plot c1, c2 , t = 0 ..1200, color = red, blue , gridlines, thickness = 2, legend
 = "Tank1", "Tank 2" , labels = "time (minutes)", "Concentration mg/l" ,labeldirections = horizontal, vertical , title = "Contaminat concentration"
 draft
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 Tank1 Tank 2time (minutes)
 0 200 400 600 800 1000 1200
 Con
 cent
 rati
 on m
 g/l
 0
 100
 200
 300Contaminat concentration
 Graphical estimate of cleaning timesplot c1, c2, 50 , t = 0 ..1200, color = red, blue, black , gridlines, thickness = 2, legend
 = "Tank1", "Tank 2", "Cleaning limit" , labels = "time (minutes)","Concentration mg/l" , labeldirections = horizontal, vertical , title= "Contaminat concentration"
 Tank1 Tank 2 Cleaning limittime (minutes)
 0 200 400 600 800 1000 1200
 Con
 cent
 rati
 on m
 g/l
 0
 100
 200
 300Contaminat concentration
 Cleaning time estimate for Tank1 eT1 d 456.811
 eT1 := 456.811
 Time in hourseT160
 7.613516667
 Cleaning time estimate for Tank 2eT2 d 627.
 eT2 := 627.
 eT260
 10.45000000
 The approximate cleaning times are 7.7 hours for Tank 1, and 10.5 hours for Tank 2.Using fsolve( ), we get more accurate values for the cleaning times
 T1 d fsolve c1 = 50
 draft
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 T1 := 455.1778970
 T2 d fsolve c2 = 50T2 := 31.35367563
 This value correspond to the first crossing of the blue curve in the graphic above. We have to set the searching interval for fsolve( )
 T2 d fsolve c2 = 50, t = 400 ..800T2 := 636.0898536
 Time in hours
 T1h dT160
 T1h := 7.586298283
 T2h dT260
 T2h := 10.60149756
 draft
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 A2 Mechanical vibrations: Laplace approachBack to outline
 t, time (s)• x t , displacement (m)• m, mass (kg)• fext , external force (N)•
 k, stiffness coefficient N$mK1• b, damping coefficient N$s$mK1•
 Differential equation
 x..t C 2 ξ w0 x
 .t Cw0
 2 x t = fext
 w0 =kb
 , natural (angular) frequency (in rad/s)•
 ξ =12
 b
 k m, relative damping•
 Unforced responserestartwith inttrans
 addtable, fourier, fouriercos, fouriersin, hankel, hilbert, invfourier, invhilbert, invlaplace,invmellin, laplace, mellin, savetable
 ODE
 ode d x..C2 ξ w0 x
 .Cw0
 2 x = 0
 ode :=d2
 dt2 x t C2 ξ w0
 ddt
 x t Cw02 x t = 0
 Initial conditionsics d x 0 = x0, x
 .0 = v0
 ics := x 0 = x0, D x 0 = v0
 Laplace transform of the ODEodeL d laplace ode, t, s
 odeL := s2 laplace x t , t, s KD x 0 Ks x 0 C2 ξ w0 s laplace x t , t, s
 K2 ξ w0 x 0 Cw02 laplace x t , t, s = 0
 Alias for Laplace transform of x talias X = laplace x t , t, s
 draft
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 X
 New look of the the transformed ODEodeL
 s2 XKD x 0 Ks x 0 C2 ξ w0 s XK2 ξ w0 x 0 Cw02 X = 0
 Now, we solve for XFx d solve odeL, X
 Fx :=2 ξ w0 x 0 CD x 0 Cs x 0
 s2C2 ξ w0 sCw02
 next, we introduce the initial conditionsFx d eval Fx, ics
 Fx :=2 ξ w0 x0Cv0Cs x0
 s2C2 ξ w0 sCw02
 Underdamped case
 fxud d invlaplace Fx, s, t assuming 0 % ξ ! 1
 fxud := eKt ξ w
 0 x0 cos Kξ2C1 t w0 C
 ξ w0 x0Cv0 sin Kξ2C1 t w0
 Kξ2C1 w0
 Velocityfvud d diff fxud, t
 fvud := Kξ w0 eKt ξ w
 0 x0 cos Kξ2C1 t w0 C
 ξ w0 x0Cv0 sin Kξ2C1 t w0
 Kξ2C1 w0
 CeKt ξ w
 0 Kx0 sin Kξ2C1 t w0 Kξ
 2C1 w0C ξ w0 x0
 Cv0 cos Kξ2C1 t w0
 Expression taking the exponential term as a common factor, and collecting the coefficients of the sinus and cosinus terms
 fvud2 d collect fvud, exp, sin, cos
 fvud2 := Kξ ξ w0 x0Cv0
 Kξ2C1
 Kx0 Kξ2C1 w0 sin Kξ
 2C1 t w0
 Cv0 cos Kξ2C1 t w0 e
 Kt ξ w0
 Overdamped case
 fxod d invlaplace Fx, s, t assuming ξO 1
 fxod := eKt ξ w
 0 x0 cosh ξ2K1 t w0 C
 ξ w0 x0Cv0 sinh ξ2K1 t w0
 ξ2K1 w0
 Expression using exponentialsfxod2 d convert fxod, exp
 draft
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 fxod2 :=12
 1
 ξ2K1 w0
 x0 ξ2K1 w0 e
 2 ξ2K1 t w0Cx0 ξ
 2K1 w0
 Cξ w0 x0 e2 ξ2K1 t w
 0Kξ w0 x0Cv0 e2 ξ2K1 t w
 0Kv0 eKt ξ w
 0K ξ2K1 t w
 0
 fxod3 d collect fxod2, exp
 fxod3 :=12
 x0 ξ
 2K1 w0Cξ w0 x0Cv0 e
 Kt ξ w0K ξ2K1 t w
 0 e2 ξ2K1 t w
 0
 ξ2K1 w0
 C12
 x0 ξ
 2K1 w0Kξ w0 x0Kv0 e
 Kt ξ w0K ξ2K1 t w
 0
 ξ2K1 w0
 Critically damped case
 Fxcdd eval Fx, ξ = 1
 Fxcd :=2 w0 x0Cv0Cs x0
 s2C2 w0 sCw02
 fxcdd invlaplace Fxcd, s, t
 fxcd := eKt w
 0 t v0Cx0 1C t w0
 Forced oscillations: resonance with dampingODE
 ode d x..C2 ξ w0 x
 .Cw0
 2 x = sin w0 t
 ode :=d2
 dt2 x t C2 ξ w0
 ddt
 x t Cw02 x t = sin t w0
 odeL d laplace ode, t, s
 odeL := s2 XKD x 0 Ks x 0 C2 ξ w0 s XK2 ξ w0 x 0 Cw02 X =
 w0
 s2Cw02
 Fx d solve odeL, XFx :=
 w0C2 ξ w0 x 0 s2C2 ξ w03 x 0 CD x 0 s2CD x 0 w0
 2Cs3 x 0 Cs x 0 w02
 s2Cw02 s2C2 ξ w0 sCw0
 2
 Fx d eval Fx, ics
 Fx :=w0C2 ξ w0 x0 s
 2C2 ξ w03 x0Cv0 s
 2Cv0 w02Cs3 x0Cs x0 w0
 2
 s2Cw02 s2C2 ξ w0 sCw0
 2
 fx d invlaplace Fx, s, t assuming 0 % ξ! 1
 fx :=12
 sin Kξ
 2C1 t w0 e
 Kt ξ w0 2 x0 ξ w0
 2C1C2 w0 v0
 Kξ2C1 w0
 2
 draft
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 C12
 Kcos t w0 C 2 x0 ξ w0
 2C1 cos Kξ2C1 t w0 e
 Kt ξ w0
 w02 ξ
 fx1 d collect fx, exp, sin, cos
 fx1 :=12
 sin Kξ
 2C1 t w0 2 x0 ξ w0
 2C1C2 w0 v0
 Kξ2C1 w0
 2
 C12
 2 x0 ξ w0
 2C1 cos Kξ2C1 t w0
 w02 ξ
 eKt ξ w
 0K12
 cos t w0
 w02 ξ
 Response to null initial conditionsfx0 d eval fx1, x0 = 0, v0 = 0
 fx0 :=12
 sin Kξ
 2C1 t w0
 Kξ2C1 w0
 2C
 12
 cos Kξ
 2C1 t w0
 w02 ξ
 eKt ξ w
 0K12
 cos t w0
 w02 ξ
 For low damping, we have an unbounded response
 limit fx0, ξ = 0
 12
 sin t w0 Kcos t w0 t w0
 w02
 Next, we define a user function that computes the displacement for given values of t, w0, and ξ. The command unapply(exprssion, vars ) defines a user function from the
 existing expression taking as argumente the variables specified in vars
 g d unapply fx0, t, w0, ξ
 g := t, w_0, ξ /12
 sin Kξ
 2C1 t w_0
 Kξ2C1 w_02
 C12
 cos Kξ
 2C1 t w_0
 w_02 ξ eKt ξ w_0
 K12
 cos t w_0
 w_02 ξResonant response with a 0.5% of relative damping.
 plot g t, 5, 0.005 , sin 5 t , t = 0 ..40, x =K2.5 ..2.5, gridlines, thickness = 2, 1 ,color = red, blue , legend = output, input , title = "0.5% relative damping"
 output input
 t10 20 30 40
 x
 K2
 K1
 0
 1
 2
 0.5% relative damping
 draft
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 > > Resonant response with a 1% of relative damping
 plot g t, 5, 0.01 , sin 5 t , t = 0 ..40, x =K2.5 ..2.5, gridlines, thickness = 2, 1 ,color = red, blue , legend = output, input , title = "1% relative damping"
 output input
 t10 20 30 40
 x
 K2
 K1
 0
 1
 2
 1% relative damping
 Resonant response with 5% of relative dampingplot g t, 5, 0.05 , sin 5 t , t = 0 ..80, x =K2.5 ..2.5, gridlines, thickness = 2, 1 ,
 color = red, blue , legend = output, input , title = "5% relative damping"
 output input
 t10 20 30 40 50 60 70 80
 x
 K2
 K1
 0
 1
 2
 5% relative damping
 draft
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 A3 Cooling problem with tabular input
 t, time (in minutes) • x t furnace temperature (in ºC)• Text t external temperature.•
 a O 0, proportionality constant.•
 Differential equationddt
 x t = a Text t Kx t ,
 In this example, we investigate the cooling process of a furnace for a time-varying external temperature. The adjoint table displays the available information about the external temperature. To model the external temperature, we use a 3rd degree spline, which is used as input in the differential equation.
 In particular, we will compute:Graphical response • Temperature after 25 minutes• Time for safe cooling•
 The following particular values are used in the example:
 a = 0.08• initial temperature x 0 = 220 ºC• safe-cooling temperature 45ºC•
 t Text t ºC
 0 15.7
 20 35.4
 50 25.5
 80 25.4
 restartInput modelingList of time data
 tlist d 0, 20, 50, 80tlist := 0, 20, 50, 80
 List of temperaturesTlist d 15.7, 35.4, 25.5, 25.4
 Tlist := 15.7, 35.4, 25.5, 25.4
 Loading of library CurveFittingwith CurveFitting
 ArrayInterpolation, BSpline, BSplineCurve, Interactive, LeastSquares,
 draft

Page 90
                        

F. Palacios-Quiñonero A nano-course on Maple Unit 3: ODEs, more advanced topics
 Page 84
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 PolynomialInterpolation, RationalInterpolation, Spline, ThieleInterpolation
 Spline computation. We first use an ending colon to suppress the ending. To improve the readability of the results, we will use use a 4-digit evaluation of the spline.
 TempExt d Spline tlist, Tlist, t :TempExt4 d expand evalf TempExt, 4
 TempExt4 :=
 15.70C1.287 tK0.0007550 t3 t ! 20.
 3.9008000C3.0568800 tK0.0884940 t2C0.0007199 t3 t ! 50.
 120.9600000K3.9667000 tC0.0519800 t2K0.0002166 t3 otherwise
 We can check that the 4-digit spline satisfy e interpolation conditionseval TempExt4, t = 0 ; eval TempExt4, t = 20 ; eval TempExt4, t = 50 ; eval TempExt4, t
 = 80
 15.7035.400000025.500000025.3968000
 Graphical representation of the interpolation pointswith plots :pointplot tlist, Tlist, symbol = solidcircle, symbolsize = 24, color = red, gridlines, view
 = 0 ..80, 0 ..40
 0 10 20 30 40 50 60 70 800
 20
 40
 plot TempExt4, t = 0 ..80, T = 0 ..40, color = blue, thickness = 2
 t0 10 20 30 40 50 60 70 80
 T
 0
 20
 40
 Joint graphic with display( )g1 d pointplot tlist, Tlist, symbol = solidcircle, symbolsize = 24, color = red, gridlines,
 view = 0 ..80, 0 ..40 ; g2 d plot TempExt4, t = 0 ..80, T = 0 ..40, color = blue, thickness = 2 ;
 g1 := PLOT ...g2 := PLOT ...
 display g1, g2 , title = "experimental points and spline"
 draft

Page 91
                        

F. Palacios-Quiñonero A nano-course on Maple Unit 3: ODEs, more advanced topics
 Page 85
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 > >
 t0 10 20 30 40 50 60 70 80
 T
 0
 20
 40experimental points and spline
 With the command display( ) contained in the library of plot tools plots, we can combine several graphics in a single graphic. Note that the graphics to be combined are previously assigned to a name
 ODE resolutionGeneric ODE
 ode d x.
 = a Text t Kx t
 ode :=ddt
 x t = a Text t Kx t
 Now, we introduce the particular values for the input and the constant a.odep d eval ode, Text t = TempExt4, a = 0.08
 odep :=ddt
 x t = 0.08
 15.70C1.287 tK0.0007550 t3 t ! 20.
 3.9008000C3.0568800 tK0.0884940 t2C0.0007199 t3 t ! 50.
 120.9600000K3.9667000 tC0.0519800 t2K0.0002166 t3 otherwise
 K0.08 x t
 Next, we compute the outputs d dsolve odep, x 0 = 220
 s := x t =
 926716000
 tC108291280
 C2707711280
 eK
 225
 tC
 45316000
 t2K151
 200000 t3
 4755309800000
 tK22528289320000
 C2707711280
 eK
 225
 tK
 4619614000000
 t2C7199
 10000000 t3C
 442
 K43754180000
 tC2423371280
 C2707711280
 eK
 225
 tC
 24041400000
 t2K1083
 5000000 t3K
 3512359320000
 eK
 225
 Expression of the solutionfx d eval x t , s
 draft
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 > >
 fx :=
 926716000
 tC108291280
 C2707711280
 eK
 225
 tC
 45316000
 t2K151
 200000 t3
 4755309800000
 tK22528289320000
 C2707711280
 eK
 225
 tK
 4619614000000
 t2C7199
 10000000 t3C
 442472560
 K43754180000
 tC2423371280
 C2707711280
 eK
 225
 tC
 24041400000
 t2K1083
 5000000 t3K
 3512359320000
 eK
 225
 tC4C
 Float evaluation of the solutionfx1 d evalf fx
 fx1 :=
 0.5791875000 tC8.460156250C211.5398438 eK0.0800000
 5.944136250 tK70.40090312C211.5398438 eK0.08000000000 tK0.1154902500
 K5.469262500 tC189.3257812C211.5398438 eK0.08000000000 tC0.06010250000 t2K0.0002166
 We can compute a 2-digit version to see the expression structurefx2 d evalf fx, 2
 fx2 :=
 0.58 tC8.5C210. eK0.080 tC0.028 t2K0.00076 t3 t !
 5.9 tK70.C210. eK0.080 tK0.12 t2C0.00072 t3C17. eK0.080 tC1.6 t !
 K5.5 tC190.C210. eK0.080 tC0.060 t2K0.00022 t3K11. eK0.080 tC4.C17. eK0.080 tC1.6 50.
 Graphic with the output and the external temperatureplot TempExt4, fx , t = 0 ..80, x = 0 ..220, color = blue, red , gridlines, thickness = 2,
 legend = Text t , x t
 Text t x tt
 0 10 20 30 40 50 60 70 80
 x
 0
 50
 100
 150
 200
 Temperature after 25 minuteseval fx1, t = 25
 57.48414025
 Time for safe-coolingfsolve fx1 = 45
 35.11044021
 Graphic for safe-coolingplot fx, 45 , t = 0 ..80, x = 0 ..220, color = red, blue , gridlines, thickness = 2, 2 ,
 legend = Tx t , "safe cooling"
 draft
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 Tx t safe coolingt
 0 10 20 30 40 50 60 70 80
 x
 0
 50
 100
 150
 200
 draft
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 A4 Dynamic damperBack to outline
 t, time (s)• Main system parameters
 x t , main displacement (m)• M, main mass (kg)• k, main stiffness coefficient N$mK1• b, main damping coefficient N$s$mK1•
 Dynamic damper parametersy t , dynamic damper displacement (m)• md, dynamic damper mass (kg)•
 kd, dynamic damper stiffness coefficient N$mK1•
 bd, dynamic damper damping coefficient N$s$mK1•
 Differential equationsM x
 ..t Cb x
 .t Ck x t = y
 .t Kx
 .t bdC y t Kx t kd
 m y..
 t Cbd y.
 t Ckd y t =K y.
 t Kx.
 t bdK y t Kx t kd
 restartODEs
 ode1 d M x..
 t Cb x.
 t Ck x t = y.
 t Kx.
 t bdC y t Kx t kd
 ode1 := M d2
 dt2 x t Cb
 ddt
 x t Ck x t =ddt
 y t Kddt
 x t bdC y t
 Kx t kd
 ode2 d m y..
 t Cbdy.
 t Ckd y t =K y.
 t Kx.
 t bdK y t Kx t kd
 ode2 := m d2
 dt2 y t Cbd
 ddt
 y t Ckd y t =Kddt
 y t Kddt
 x t bdK y t
 Kx t kd
 Initial conditionsics d x 0 = x0, x
 .0 = vx0, y 0 = y0, y
 .0 = vy0;
 ics := x 0 = x0, D x 0 = vx0, y 0 = y0, D y 0 = vy0
 Particular valuespvals d M = 100, m = 5, k = 100, b = 0, kd = kd, bd = bd, x0 = 0, vx0 = 2, y0 = 0, vy0 = 0
 draft
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 pvals := M = 100, b = 0, k = 100, m = 5, bd = bd, kd = kd, vx0 = 2, vy0 = 0, x0 = 0, y0 = 0
 Particular ODEs and initial conditionsode1p d eval ode1, pvals
 ode1p := 100 d2
 dt2 x t C100 x t =
 ddt
 y t Kddt
 x t bdC y t Kx t kd
 ode2p d eval ode2, pvals
 ode2p := 5 d2
 dt2 y t Cbd
 ddt
 y t Ckd y t =Kddt
 y t Kddt
 x t bdK y t
 Kx t kd
 icsp d eval ics, pvalsicsp := x 0 = 0, D x 0 = 2, y 0 = 0, D y 0 = 0
 EDO numerical solution.s d dsolve ode1p, ode2p, icsp , x t , y t , numeric, output = listprocedure,
 parameters = kd, bd , maxfun = 100000
 s := t = proc t ... end proc, x t = proc t ... end proc,ddt
 x t = proc t ... end proc,
 y t = proc t ... end proc,ddt
 y t = proc t ... end proc
 Note that the stiffness coefficient kd and the damping coefficient bd have the parametric values
 kd, and kb. To assign particular values to the parameters we use the order name_sol( parameters = [value1,value2] )
 where name_sol stands for the name assigned to the solution provided by dsolve( ), andvalue1, value2, are the particular values for the parameters.
 Procedures to compute the outputsProcedure for the main displacement x t
 px d rhs s 2px := proc t ... end proc
 Procefure for the dynamic damper displacement y rpy d rhs s 4
 py := proc t ... end proc
 Response without dynamic dampervkd d 0;
 vbd d 0;
 s parameters = vkd, vbd :
 plot px t , py t , t = 0 ..20, gridlines, color = red, blue , legend = x t , y t ,thickness = 2
 vkd := 0
 vbd := 0
 draft
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 x t y t
 t5 10 15 20
 K2
 K1
 0
 1
 2
 Response with dynamic dampervkd d 5000;
 vbd d 100;
 s parameters = vkd, vbd :
 plot px t , py t , t = 0 ..10, gridlines, color = red, blue , legend = x t , y t ,thickness = 2
 vkd := 5000
 vbd := 100
 x t y t
 t2 4 6 8 10
 K0.3
 K0.2
 K0.1
 0
 0.1
 0.2
 0.3
 We can use the command Maximize( ), included in the libray Optimization to compute the maximum absolute displacements
 with OptimizationImportMPS, Interactive, LPSolve, LSSolve, Maximize, Minimize, NLPSolve, QPSolve
 vkd d 5000;
 vbd d 100;
 s parameters = vkd, vbd :
 plot px t , py t , t = 0 ..10, gridlines, color = red, blue , legend = x t , y t ,thickness = 2 ;
 mxd Maximize abs px t , t = 0 ..0.5
 vkd := 5000
 vbd := 100
 draft
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 x t y t
 t2 4 6 8 10
 K0.3K0.2K0.1
 00.10.20.3
 mx := 0.361822172575876, t = 0.300747333761312
 It is interesting to note that a remarkable amplitud reduction can be achieved with an undampeddynamic damper
 vkd d 5000;
 vbd d 0;
 s parameters = vkd, vbd :
 plot px t , py t , t = 0 ..10, gridlines, color = red, blue , legend = x t , y t ,thickness = 2 ;
 mxd Maximize 'abs px t ', t = 0 ..0.5vkd := 5000
 vbd := 0
 x t y t
 t2 4 6 8 10
 K0.3
 K0.1
 0.1
 0.3
 mx := 0.390263028076929, t = 0.310423542255057
 Next, we built some animated simulations for the problem.with plottools ; with plots :
 arc, arrow, circle, cone, cuboid, curve, cutin, cutout, cylinder, disk, dodecahedron, ellipse,ellipticArc, getdata, hemisphere, hexahedron, homothety, hyperbola, icosahedron, line,octahedron, parallelepiped, pieslice, point, polygon, project, rectangle, reflect, rotate,scale, semitorus, sphere, stellate, tetrahedron, torus, transform, translate
 Orders to draw the rectangles.rb d rectangle K1, 1 , 1, 0 , color = red : rcd rectangle K0.3, 1.3 , 0.3, 1 , color = blue : display rb, rc, view = K3 ..3, 0 ..2 , scaling = constrained, axes = frame, axis 2 = color
 = white
 draft
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 K3 K2 K1 0 1 2 30
 0.5
 1
 1.5
 2
 Procedure to move the rectangles: x is the displacement for the main rectangle (red), and y is thedisplacement for the little blue rectangle.
 pr dproc x, y local rb, rc; rb d rectangle K1C x, 1 , 1Cx, 0 , color = red : rcd rectangle K0.3Cy, 1.3 , 0.3Cy, 1. , color = blue : display rb, rc, view = K3 ..3, 0 ..2 , scaling = constrained, axes = frame, axis 2 = color
 = white end proc;
 pr := proc x, ylocal rb, rc;
 rb := plottools:-rectangle K1Cx, 1 , xC1, 0 , color = red ;rc := plottools:-rectangle K0.3Cy, 1.3 , 0.3Cy, 1. , color = blue ;plots:-display rb, rc, view = K3 ..3, 0 ..2 , scaling = constrained, axes = frame, axis 2= color = white
 end proc
 An example. Big red rectagle moves 0.5 units to the right, and little blue rectangle moves 0.4 units to the left.
 pr .5,K0.4
 draft
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 > >
 > >
 > >
 K2 K1 0 1 2 30
 0.5
 1
 1.5
 2
 Undamped response.s parameters = 0, 0 :animate display, pr px t , py t , t = 0 ..20, frames = 25
 K2 K1 0 1 2 30
 0.5
 1
 1.5
 2
 t = 0.
 Response with pure-spring dynamic damper kd = 1000, bd = 0
 s parameters = 1000, 0 :animate display, pr px t , py t , t = 0 ..40, frames = 80
 K2 K1 0 1 2 30
 0.5
 1
 1.5
 2
 t = 0.
 Response with spring-damper dynamic damper kd = 1000, bd = 50
 s parameters = 1000, 50 :animate display, pr px t , py t , t = 0 ..40, frames = 80
 draft
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 > >
 K2 K1 0 1 2 30
 0.5
 1
 1.5
 2
 t = 0.
 draft
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 > >
 > >
 > >
 > >
 > >
 > >
 A5. Parachute with timed opening
 t, time (in seconds)•
 m, mass (in kg)•
 g = 9.81 m/s2, gravity acceleration•
 fg = m g, weight (in Newtons)•
 y t , position over ground level (in m)•
 v t = y.
 t , velocity•
 fr = b y.
 t resistant force•
 b, friction constant.•
 Top, time lap for parachute opening.•
 α t =0 t %Top
 1 Top ! t, discrete variable
 to activate fr
 •
 Differential equationm y
 ..t =Km gKα t b y
 .t
 restartODE
 ode d m y..
 =Km gKα t b y.
 ode := m d2
 dt2 y t =Km gKα t b
 ddt
 y t
 Initial conditions
 ics d y 0 = y0, y.
 0 = v0, α 0 = 0
 ics := y 0 = y0, D y 0 = v0, α 0 = 0
 Particular valuespvals d m = 100, g = 9.81, y0 = 1500, v0 = 0, Top = 10
 pvals := m = 100, g = 9.81, y0 = 1500, v0 = 0, Top = 10
 Particular ODE and initial conditions. odep d eval ode, pvals
 odep := 100 d2
 dt2 y t =K981.00Kα t b
 ddt
 y t
 icsp d eval ics, pvalsicsp := y 0 = 1500, D y 0 = 0, α 0 = 0
 Event definition. When the condition t = Top is satisfied, the discrete variable α t takes the
 value 1, activating the drag force corrsponding to the parachute opening.
 draft
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 > >
 > >
 > >
 > >
 > >
 > >
 > > ev d t = Top, α t = 1
 ev := t = Top, α t = 1
 evp d eval ev, pvalsevp := t = 10, α t = 1
 Solution computations:=dsolve([odep,icsp],numeric,parameters=[b],discrete_variables=[alpha(t)],events=[evp],output=listprocedure);
 s := t = proc t ... end proc, y t = proc t ... end proc,ddt
 y t = proc t ... end proc,
 α t = proc t ... end proc
 Note that:We have left the friction coefficient b undetermined; it has been declared in dsolve( ) as a parameter.
 •
 The variable α t , has been declared as discrete_variable. As the optiondiscrete_variable includes an underscore character, the corresponding dsolve( ) call has to be written in 1D Math mode (press [Ctrl]+[M] to activate this mode.The time dependence or discrete variables as α t must be explicitly indicated in the ODE definition.
 •
 Discrete variable has to be initialized. In this example, condition α 0 = 0 has been included in the list of ODE intial conditions.
 •
 Extraction of the proceduresProcedure to evaluate the displacement.
 py d rhs s 2py := proc t ... end proc
 Procedure to evaluate the velocity.pv d rhs s 3
 pv := proc t ... end proc
 Output for b = 150bp d 150;s parameters = bp : plot py t , t = 0 ..180, gridlines
 bp := 150
 t20 40 60 80 100 120 140 160 180
 0
 500
 1000
 1500
 Time of landing. The numerical equation solver fsolve( ) works with procedures. Tland d fsolve py t = 0, t = 0 ..180
 Tland := 155.0244649
 Time in minutes
 draft
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 > >
 > >
 > >
 > >
 Tland60
 2.583741082
 It takes 2.58 minutes for the parachute to reach the ground. Velocity graph
 plot pv t , t = 0 ..20, title = "Velocity", gridlines
 t5 10 15 20
 K90
 K70
 K50
 K30
 0Velocity
 Speed at the time of landingVland d pv Tland
 Vland := K6.54000088145775
 Landing speed in Km/h.
 Vland$36001000
 K23.5440031732479
 The landing speed is 6.54 m/s (23.5 km/h)
 draft
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 > >
 > >
 > >
 > >
 A6. Oscillations with unidirectional springs
 β
 Δ
 t, time (s)• x t , displacement (m)• m, mass (kg)• k, stiffness coefficient N$mK1• b, damping coefficient N$s$mK1• β, rope's stiffness• Lr, rope's length•
 δr= LrKΔ, rope's overlength. Δ is the wall's position (from
 the static equilibrium point). When x t =Kδr, the rope is full
 extended.
 •
 α t =1 x t %Kδ
 r
 0 Kδr! x t
 , discrete variable to activate the
 rope action.
 •
 Differential equation
 m d2
 dt2x t =Kb
 ddt
 x t Kk x t Kα t β x t Cδr
 Note that, for x t %Kδr, the rope extension is
 x t K Kδr
 = x t Cδr.
 restartODE
 ode d m d2
 dt2x t =Kb
 ddt
 x t Kk x t Kα t $β$ x t Cδr
 ode := m d2
 dt2 x t =Kb
 ddt
 x t Kk x t Kα t β x t Cδr
 Initial conditions. The discrete variable must also be initialized
 ics d x 0 = x0, x.
 0 = v0, α 0 = 0
 ics := x 0 = x0, D x 0 = v0, α 0 = 0
 Particular valuespvals d m = 10, k = 10, b = 0, x0 = 0, v0 = 2
 pvals := m = 10, k = 10, b = 0, x0 = 0, v0 = 2
 draft

Page 105
                        

F. Palacios-Quiñonero A nano-course on Maple Unit 3: ODEs, more advanced topics
 Page 99
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 > >
 Rope overlength.
 δr d 0.3
 δr := 0.3
 Particular ODE and initial conditions. odep d eval ode, pvals
 odep := 10 d2
 dt2 x t =K10 x t Kα t β x t C0.3
 icsp d eval ics, pvalsicsp := x 0 = 0, D x 0 = 2, α 0 = 0
 Event definition. The condition x t = a ..b, triggers the event when the value x t falls out of the inteval [a, b .
 ev d x t =Kδr ..infinity, α t = 1 , x t =Kinfinity ..KδrC0.00001, α t = 0
 ev := x t =K0.3 ..N, α t = 1 , x t =KN ..K0.29999, α t = 0
 s:=dsolve({odep,icsp},numeric,parameters=[beta],discrete_variables=[alpha(t)],events=[ev],output=listprocedure);
 s := t = proc t ... end proc, x t = proc t ... end proc,ddt
 x t = proc t ... end proc,
 α t = proc t ... end proc
 Extraction of the procedures.Procedure to compute the displacement x t
 px d rhs s 2px := proc t ... end proc
 Velocity pv d rhs s 3
 pv := proc t ... end proc
 Discrete variable α tpdv d rhs s 4
 pdv := proc t ... end proc
 Graphical responses for rope stiffness β = 500s parameters = 500 :plot px t , t = 0 ..20, gridlines
 t5 10 15 20
 K0.5
 0
 0.5
 1
 1.5
 2
 plot pv t , t = 0 ..20, gridlines
 draft
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 > >
 > >
 > >
 t5 10 15 20
 K2
 K1
 0
 1
 2
 plot pdv t , t = 0 ..20, gridlines
 t0 5 10 15 20
 0
 0.2
 0.4
 0.6
 0.8
 1
 Graphical test of correct switching
 plot px t ,Kpdv t ,Kδr
 , t = 0 ..5, gridlines, color = red, blue, green
 t1 2 3 4 5
 K1
 0
 1
 2
 draft
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