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            Chapter 24 Simultaneous Systems of Diﬀerential Equations We will learn how to solve system of ﬁrst- order linear and nonlinear autonomous diﬀer- ential equations. Such systems arise when a model involves two and more variable. A sin- gle diﬀerential equation of second and higher order can also be converted into a system of ﬁrst-order diﬀerential equation. Linear Diﬀerential Equation Systems A linear system of two autonomous ﬁrst- order diﬀerential equations is expressed as ˙ y 1 = a 11 y 1 + a 12 y 2 + b 1 (24.1) ˙ y 2 = a 21 y 1 + a 22 y 2 + b 2 (24.2) 1 
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Chapter 24Simultaneous Systems ofDifferential Equations
 We will learn how to solve system of first-order linear and nonlinear autonomous differ-ential equations. Such systems arise when amodel involves two and more variable. A sin-gle differential equation of second and higherorder can also be converted into a system offirst-order differential equation.
 Linear Differential Equation Systems
 A linear system of two autonomous first-order differential equations is expressed as
 y1 = a11y1 + a12y2 + b1 (24.1)
 y2 = a21y1 + a22y2 + b2 (24.2)
 1
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Both equations have to be solved together.There are two methods to solve them:
 1. Substitution Method: Convert the s-ystem into a single linear differential eq-uation and then solve it using methodsdeveloped in earlier chapters.
 2. Direct Method: Use guess and verifymethod directly.
 Remark: In both methods, we divide the dif-ferential equation system in two parts: ho-mogeneous part and steady-state part. Com-plete solution is given by
 y1 = yh1 + y1
 y2 = yh2 + y2
 2
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Substitution Method
 We want to solve system of differentialequations given by (24.1) and (24.2). Let ussolve the homogenous part first. The homo-geneous part of the system is given by
 y1 = a11y1 + a12y2 (24.3)
 y2 = a21y1 + a22y2 (24.4)
 First step is to convert this system in sin-gle differential equation. Differentiate (24.3)with respect to time, we have
 y1 = a11y1 + a12y2. (24.5)
 Putting (24.4) in (24.5), we have
 y1 = a11y1 + a12(a21y1 + a22y2). (24.6)
 Further (24.3) can be rewritten as
 3
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y2 =y1 − a11y1
 a12. (24.7)
 Putting (24.7) in (24.6), we have
 y1 − (a11 + a22)y1 + (a11a22 − a12a21)y1 = 0(24.8)
 which is a linear autonomous second-orderdifferential equation, which can be solved us-ing methods discussed in chapter 23. Leta1 = −(a11 + a22) and a2 = a11 + a22, then(24.8) can be written as
 y + a1y + a2y = 0. (24.9)
 4
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Solutions are
 yh1 (t) = c1 expr1t +c2 expr2t, if r1 6= r2
 and roots are real.
 yh1 (t) = (c1 + tc2) exprt, if r1 = r2 = r
 yh1 (t) = B1 expht cos vt + B2 expht sin vt,
 if r1 6= r2 and roots are complex.
 Once, we have found yh1 (t), we can find
 yh2 (t) using (24.7), which is
 y2 =y1 − a11y1
 a12.
 5
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The solutions are
 Case I: r1 6= r2 and roots are real:
 yh2 (t) =
 r1 − a11
 a12c1 expr1t +
 r2 − a11
 a12c2 expr2t
 Case II: r1 = r2 = r (Repeated Roots):
 yh2 (t) =
 [r − a11
 a12(c1 + tc2) +
 c2
 a12
 ]exprt
 Case III: r1 6= r2 and roots are complex:
 yh2 (t) = expht
 [(h− a11)B1 + vB2
 a12cos vt
 ]+
 expht
 [(h− a11)B2 − vB1
 a12sin vt
 ]
 6
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Steady-State Solution
 To find steady-state solution, we set y1 =y2 = 0 in equations (24.1) and (24.2). Theresulting equations are
 a11y1 + a12y2 + b1 = 0 (24.10)
 a21y1 + a22y2 + b2 = 0 (24.11)
 The solutions are
 y1 =a12b2 − a22b1
 a11a22 − a12a21(24.12)
 y2 =a21b1 − a11b2
 a11a22 − a12a21(24.13)
 7
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By combining steady-state solutions andhomogeneous solutions, we get complete so-lution. In order to derive values of arbitraryconstants c1, c2, B1, B2, we need to specifyinitial conditions. Usually, we are given val-ues of y1(0) and y2(0).
 Important Remarks
 1. A system of n first-order linear differen-tial equations can be converted into asingle differential linear equation of or-der n
 2. Converse is also true. A single linear dif-ferential equation of order n can be con-verted in a system of n first-order lineardifferential equations.
 8
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Stability of Steady State
 In order to know, whether steady state isstable or not, we need to find out under whatconditions
 limt→∞
 y1 = y1 & limt→∞
 y2 = y2 (24.14).
 We have to consider three cases:
 Case I: r1 6= r2 and roots are real. In thiscase, we require r1&r2 < 0. Otherwise, thesteady-state is unstable.
 Case II: r1 = r2 = r. In this case, werequire that r < 0.
 Case III: r1 6= r2 and roots are complex.In this case we require that the real part ofroots h < 0.
 9
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An Important Exception to Case I
 If one of the characteristic roots is posi-tive and the other negative, the steady-stateequilibrium is called a saddle point equi-librium. It is unstable. However, in a veryparticular case, y1 and y2 converge to theirsteady state solutions if the initial conditionsfor y1 and y2 satisfy following equation:
 y2(0) =r1 − a11
 a12(y1(0)− y1) + y2 (24.15)
 where r1 is the negative root and r2 is the pos-itive root. The locus of points (y1, y2) definedby equation (24.15) is known as the saddlepath.
 10
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The Direct Method
 Let
 A =[
 a11 a12
 a21 a22
 ]
 b =[
 b1
 b2
 ], y =
 [y1
 y2
 ], y =
 [y1
 y2
 ]
 Then the system of linear differential eq-uations given in (24.1) and (24.2) can be writ-ten in matrix form as follows:
 y = Ay + b. (24.16)
 Assume that inverse of A, A−1, exists or de-terminant of A, |A| 6= 0. Then steady statepart of (24.16) is given by
 Ay + b = 0 (24.17)
 where 0 =[
 00
 ]. The steady-state solution is
 11
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y = −A−1b. (24.18)
 Homogeneous Part
 The homogeneous part is given by
 y = Ay. (24.19)
 In order to solve (24.19), we will use guessand verify method. Suppose that the homo-geneous solutions are of the form
 y = k exprt (24.20)
 where k is n− dimensional vector and r is ascalar. If this guessed solution is correct thenthe first derivative of guess with respect totime t should satisfy (24.19). From (24.20),we have
 y = rk exprt . (24.21)
 Putting (24.21) in (24.19), we have
 12
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rk exprt = Ak exprt . (24.22)
 The above equation holds if
 [A− rI]k = 0 (24.23)
 where I is the identity matrix. We want tofind out values of r which satisfies (24.23).(24.23) is a system of linear homogeneous eq-uations. It has nontrivial (nonzero) solutionif and only if the determinant of [A − rI] isequal to zero. Thus the solution values of rare found by solving
 |A− rI| = 0 (24.24)
 which is a polynomial equation of degree nin the unknown number r. This equationis known as characteristic equation ofmatrix A. The values of r which solve thisequation are called characteristic roots or
 13
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eigen values of the matrix A. Since (24.24)is a polynomial equation of degree n, we willpotentially have n characteristic roots (or nrs. For each r, there will be a distinct non-zero vector k associated with (24.23). Suchnon-zero vector is called eigenvector of thematrix A corresponding to the eigenvalue/ch-aracteristic root r. Corresponding to eachdistinct r, we will also get a distinct solutionof homogeneous equation (24.19).
 In the case n = 2, (24.24) becomes∣∣∣∣a11 − r a12
 a21 a22 − r
 ∣∣∣∣ (24.25)
 which simplifies to
 r2 − (a11 + a22)r + (a11a22 − a12a21) = 0.(24.26)
 which is the same characteristic equation weobtained earlier using substitution method.(24.26) can be written as
 14
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r2 − tr(A)r + |A| = 0 (24.27)
 where tr(A) = a11 + a22 (sum of diagonalelements of A) and |A| = a11a22 − a12a21.The characteristic roots in this case is givenby
 r1, r2 =tr(A)
 2± 1
 2
 √tr(A)2 − 4|A|. (24.28)
 In the case of two independent roots r1, r2,we will get two distinct non-zero eigenvec-tors k1&k2, and two distinct solutions to thesystem of two homogeneous differential equa-tions y1 and y2. The general solution of thesystem then is
 yh = c1y1 + c2y
 2 (24.29)
 where c1 and c2 are two arbitrary constantsto be determined by initial conditions.
 15
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In general, there are n equations and ncharacteristic roots; therefore there are n so-lutions to the system of n homogeneous dif-ferential equations. In the case, all charac-teristic roots are distinct (no repeated roots),the general solution is given by
 yh = c1y1 + c2y
 2 + ... + cnyn (24.30)
 where cs are arbitrary constants.The complete solution is given by
 y = y + yh. (24.31)
 Phase Diagram
 Qualitative properties of two equation d-ifferential equation system can be analyzedusing phase diagram, which involves plot-ting the two differential equations on (y1, y2)space.
 16
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Stability Analysis UsingCoefficient Matrix A
 Let us classify the types of steady statesin the system of two linear differential equa-tions. In the case of real roots, steady-state isknown as node. In the case of complex roots,steady state is known as focus. As discussedearlier, roots are given by
 r1, r2 =tr(A)
 2± 1
 2
 √tr(A)2 − 4|A|. (24.32)
 Notice that repeated roots and complex rootscan arise only in the case that |A| > 0.(24.32) implies that
 r1 + r2 = a11 + a22 = tr(A) (24.33)
 and
 r1r2 = a11a22 − a12a21 = |A|. (24.34)
 17
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Using above relations, we can distinguish am-ong different types of steady states.
 Case I: r1 6= r2 and Real Roots
 1. If |A| < 0, then r1, r2 have opposite si-gns, and we have saddle point.
 2. If |A| > 0, then r1, r2 have same signs(positive or negative). If r1, r2 < 0, thenwe have stable node. If r1, r2 > 0, thenwe have unstable node.
 Case II: r1 = r2 = r(|A| > 0)
 1. If r = tr(A)2 < 0, we have improper
 stable node.
 2. If r = tr(A)2 > 0, we have improper
 unstable node.
 18
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Case III: r1 6= r2 andComplex Roots (|A| > 0)
 1. If a11 + a22 = tr(A) or h < 0, then wehave stable focus.
 2. If a11 + a22 = tr(A) or h > 0, then wehave unstable focus.
 3. If a11 + a22 = tr(A) or h = 0, then wehave center/vortex.
 19
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Nonlinear Differential Equation Systems
 A nonlinear system of two autonomousdifferential equations is expressed in generalas
 y1 = F (y1, y2) (24.35)
 y2 = G(y1, y2). (24.36)
 In general, it is very difficult to analyticallysolve non-linear systems. One can analyze itsqualitative behavior using phase diagram. Inaddition, one can analyze its stability prop-erties, using the techniques discussed earlierfor linear systems. Steps are as follows:
 Step 1. Find out steady state values of y1 and y2
 by setting y1 = y2 = 0.
 Step 2. Linearize (24.35) and (24.36) around st-eady state points y1, y2 using Taylor se-ries expansion formula. In other wo-
 20
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rds, we take a first-order linear approx-imation to these differential equations.This implies
 y1 = F (y1, y2) +dF (y1, y2)
 dy1(y1 − y1)+
 dF (y1, y2)dy2
 (y2 − y2) (24.37)
 and
 y2 = G(y1, y2) +dG(y1, y2)
 dy1(y1 − y1)+
 dG(y1, y2)dy2
 (y2 − y2). (24.38)
 Since F (y1, y2) = G(y1, y2) = 0, (24.37) and(24.38) reduce to
 y1 =dF (y1, y2)
 dy1(y1−y1)+
 dF (y1, y2)dy2
 (y2−y2)
 (24.39)
 21

Page 22
                        

and
 y2 =
 dG(y1, y2)dy1
 (y1 − y1) +dG(y1, y2)
 dy2(y2 − y2).
 (24.40)Since the partial derivatives are all evaluatedat a specific point (y1, y2), they are all con-stants. Thus, (24.39) and (24.40) can be reex-pressed as a system of linear differential equa-tions.
 y1 = a11y1 + a12y2 + b1 (24.41)
 y2 = a21y1 + a22y2 + b2 (24.42)
 22
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Step 3: The associated coefficient matrix A for(24.39) and (24.40) is
 A =
 [dF (y1,y2)
 dy1
 dF (y1,y2)dy2
 dG(y1,y2)dy1
 dG(y1,y2)dy2
 ]. (24.43)
 Properties of A give us the behavior of thenonlinear system in the neighborhood of st-eady state points (y1, y2). Since, we derivecoefficient matrix A by linear approximationaround steady state points (y1, y2), the prop-erties of A tell us only about local stabilityof nonlinear system.
 23
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24.3 Systems of Linear Difference Equations
 The general form for a system of two au-tonomous linear difference equations is
 yt+1 = a11yt + a12xt + b1 (24.44)
 xt+1 = a21yt + a22xt + b2. (24.45)
 Again we divide the system in two parts: ho-mogeneous part and steady-state part andsolve them separately. The sum of solutionsof these parts gives us complete solution.
 We can solve these systems using twomethods: (i) substitution method and (ii) di-rect method. In substitution method, we con-vert the system in a single higher order differ-ence equation. In this case, it will be secondorder difference equation, which we can solveusing the methods discussed in Chapter 20.Under the direct method, we use guess andverify method directly.
 24
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Substitution Method
 Homogeneous Solutions
 The homogeneous part of the system isgiven by
 yt+1 = a11yt + a12xt (24.46)
 xt+1 = a21yt + a22xt. (24.47)
 Push (24.46) one period forward and thenputting (24.47) in (24.46), we get
 yt+2 = a11yt+1 + a12(a21yt + a22xt. (24.48)
 Further, (24.46) implies that
 xt =yt+1 − a11yt
 a12. (24.49)
 25
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Under the assumption that a12 6= 0, (24.48)and (24.49) imply that
 yt+2−(a11+a22)yt+1+(a11a22−a12a21)yt = 0(24.50)
 which is a second order, linear, autonomous,difference equation. The associated charac-teristic function is
 r2 − (a11 + a22)r + (a11a22 − a12a21) = 0.(24.51)
 In the case of real and distinct roots,
 yh = C1rt1 + C2r
 t2. (24.52)
 By putting (24.52) in (24.49), we can solvefor xt, which is given by
 xt =r1 − a11
 a12C1r
 t1 +
 r2 − a11
 a12C2r
 t2. (24.53)
 26
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Steady State Solution
 Steady state is given by
 y = a11y + a12x + b1 (24.54)
 x = a21y + a22x + b2 (24.55)
 The solution are
 y =(1− a11)b1 + a12b2
 (1− a11)(1− a22)− a12a21(24.56)
 x =a21b1 + (1− a11)b2
 (1− a11)(1− a22)− a12a21(24.57)
 Here we assume that the denominator is notequal to zero.
 27
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Direct Method
 Let
 A =[
 a11 a12
 a21 a22
 ]
 b =[
 b1
 b2
 ], Y =
 [yx
 ], k =
 [k1
 k2
 ], 0 =
 [00
 ]
 Homogeneous Solution
 The homogeneous system given in(24.46) and (24.47) can be written as
 Yt+1 = AYt. (24.58)
 Assume that the solution of (24.58) are of fol-lowing form
 Yt = krt (24.59)
 where k is a vector of arbitrary constants andr is a scalar. Putting (24.59) in (24.58), wehave
 28
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krt+1 = Akrt. (24.60)
 In order to derive non-trivial r 6= 0 we needto solve a system of linear equation given by
 (A− rI)k = 0 (24.61)
 where I is an identity matrix. The values ofr is found by solving
 |A− rI| = 0. (24.62)
 The values of r which solve (24.62) are knownas characteristic roots.
 In general, if the system consists of nequations, there will be n characteristic roots.For each characteristic root, there will be anassociated vector k (eigen vector). The gen-eral solution to the homogeneous form is alinear combination of n distinct roots.
 29
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Stability of Steady State
 Theorem 24.9: A system of two au-tonomous linear difference equations isasymptotically stable if and only if theabsolute values of both characteristic ro-ots are less than unity.
 30
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